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InironingoutthedisastersofReality,Eternityrulesoutthetriumphsaswel.
Itisinmeetingthegreatteststhatmankindcanmostsuccessfulyrisetogreat
heights.Outofdangerandrestlessinsecuritycomestheforcethatpushes
mankindtonewerandloftierconquests.Canyouunderstandthat?Canyou
understandthatinavertingthepitfalsandmiseriesthatbesetman,Eternity
preventsmenfromﬁndingtheirownbiterandbetersolutions,thereal
solutionsthatcomefromconqueringdiﬃculty,notavoidingit.
NoysLambent
TheEndofEternity
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Abstract
ItiswelknownthatthePlateau-Rayleighinstabilityisresponsibleforthe
break-upofaliquidjetintodroplets.Inthisprocess,smalperturbationsgrow
astheyareconvectedbythejet,eventualyleadingtoitsbreak-up.Inthis
thesisweinvestigate,bothexperimentalyandnumericaly,howthestretching
actionofgravityaﬀectsthecapilaryinstabilitymechanism.Ourstudyfocuses
onliquidjetsissuingfromaneedleintoastagnantairatmosphere,atacon-
stantﬂowratethatisslightlylargerthanthecriticalﬂowrateatwhichthe
jettransitionsfromjettingtodripping. Thisresultsinahighlynon-paralel
meniscusregionneartheinjector.Ourmainaimistounderstandtherolethat
thelatterplaysintheamplitudeofdisturbances,andtocharacterizethefre-
quencyofthemostampliﬁeddisturbancesandtheresultingbreak-uplength.
Thecontrolparametersofinterestinthisstudyaretheviscosityoftheliquid,
thediameteroftheinjector,andtheliquidﬂowrate.
Intheexperimentalcampaign,wedistinguishbetweennaturalandcontroled
break-upprocesses.Inanaturalbreak-upexperiment,thedisturbancesare
essentialynoisecomingfromtheambientandtheexperimentalfacility. The
disturbancesareonlycontroledinapassivesensebydesigningtheexperimental
facilitytominimizetheiramplitude,andawiderangeoffrequenciesarethus
expectedtocontributetotheenergyspectrumofthenoise.Inacontroled
break-upexperiment,incontrast,thedisturbanceisprovidedtotheﬂowby
meansofaharmonicmechanicalforcing,whichinducesﬂuctuationsoftheax-
ialvelocityofknownamplitudeandfrequencyattheinjectoroutlet.
Inthenaturalbreak-upexperiments,wefocusourattentionondescribingthe
intactlengthandthemostampliﬁedfrequencyasfunctionsofthethreecontrol
ii
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parameters.Inthecontroledbreak-upexperiments,thestimulationfrequency
andamplitudearesweptoverdiﬀerentﬂowconﬁgurations,observingatran-
sitionfromchaotictoperiodicbreak-up,andrevealingtheexistenceofanew
oscilatorydrippingregimeundercertainconditionswhentheamplitudeofdis-
turbancesislargeenough.
Fromthetheoreticalpointofview,wedescribethedynamicsofthejetwith
theleadingorderone-dimensionalmassandmomentumconservationequations.
Theclassicalquasi-paralelstabilitytheoryisnotvalidtostudythejetscon-
sideredinthisThesisduetothestrongaxialstretchingintheregionnearthe
injectoroutlet. Wethereforeproposeanovellinearglobalfrequencyresponse
analysiswhich,incontrastwithlocaltheory,doesnotmakeassumptionsabout
theshapeofdisturbancesbeyondthesmalamplitudehypothesis. Fromthe
physicalpointofview,thisapproachrevealsthatthemeniscusregionselectively
ﬁlterstheoutletdisturbances,providinganoptimalfrequencyresponsiblefor
thebreak-upofthejetdownstream.However,thelinearizeddescriptionisnot
validneitherintheﬁnalstagesbeforebreak-upnorinjetssubjectedtolarge-
amplitudeforcing.Therefore,thenonlinearstabilityanalysisisalsoaddressed
herein.Inthisapproach,theevolutionofthejetisobtainedbynumericalyin-
tegratingthefulynonlinearone-dimensionalconservationequations,enabling
ustoaccuratelypredictthebreak-uplengthandconﬁrmingthedelayinthe
growthofcapilarydisturbancesduetothepresenceofthehighly-stretched
meniscusregionneartheinjector.
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Resumen
EsbienconocidoquelainestabilidaddePlateau–Rayleighesresponsabledela
roturaengotasdeunchorrolíquido.Enesteproceso,pequeñasperturbaciones
crecen mientrassonadvectadasporelﬂujo,hastaquesehacenlosuﬁcien-
tementegrandescomoparaprovocarlaroturadelchorro. Enestatesisse
investigaexperimentalynuméricamenteelefectodelestiramientogravitatorio
sobrelaroturadechorros.Elestudiosecentraenchorroslíquidosquesalen
deuninyectorcilíndricoaunaatmósferaenreposo,conuncaudalligeramente
mayorqueelcríticoenelqueocurrelatransicióndechorroagoteo.Enestas
condiciones,elmeniscoqueaparececercadelinyectoresaltamentenoparalelo,
siendounodelosobjetivosfundamentalesdeltrabajocomprenderelpapelque
éstedesempeñaenlaamplituddelasperturbaciones,ycaracterizartantola
frecuenciadelasperturbacionesmásampliﬁcadascomolalongitudintactare-
sultante.
Lacampañaexperimentalsedivideendoscasos:roturanaturalyrotura
forzada. Enlosexperimentosderoturanatural,lasperturbacionessedeben
alruidoambienteydelainstalaciónexperimental.Lasperturbacionessólose
controlanpasivamente,diseñandolainstalacióndemaneraquesuamplitudsea
lomenorposible,ysetieneunrangoampliodefrecuenciasenelespectrodel
ruido.Enunexperimentoderoturacontrolada,porelcontrario,lasperturba-
cionesseimponenalﬂujoenformadeunforzadomecánicoarmónico,quese
maniﬁestaenﬂuctuacionesdelavelocidadaxialmediadeamplitudyfrecuencia
conocidasalasalidadelinyector.
Enlosexperimentosderoturanatural,elobjetivoprincipalesdescribirlalongi-
tudintactaylafrecuenciamásampliﬁcadaenfuncióndelostresparámetrosde
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control.Enlosexperimentosderoturacontrolada,lafrecuenciaylaamplitud
delaestimulaciónsevaríanparadistintasconﬁguracionesdelﬂujo,observando
unatransiciónderoturacaóticaaperiódica,yrevelandolaexistenciadeun
régimendegoteooscilantebajociertascondicionescuandolaamplituddelas
perturbacionesessuﬁcientementegrande.
Desdeelpuntodevistateórico,sedescribeladinámicadelchorromediante
lasecuacionesunidimensionalesdeordenprincipaldeconservacióndemasay
cantidaddemovimiento. Lateoríadeestabilidadcasi-paralelanoesválida
paraestudiarloschorrosconsideradosenelpresentetrabajodebidoalfuerte
estiramientoaxialqueexisteenlaregióncercanaalinyector. Porelopro-
ponemosunnovedosoanálisislinealglobalderespuestaenfrecuencia,queen
contrasteconlateoríalocalnohacehipótesisacercadelaformaespacialdelas
perturbacionesexceptosupequeñaamplitud. Desdeelpuntodevistafísico,
esteanálisisrevelaqueelmeniscoﬁltraselectivamentelasperturbacionesque
existenalasalida,proporcionandounafrecuenciaóptimaresponsabledela
roturadelchorroaguasabajo.Sinembargo,lateoríalinealnoesválidanien
lasetapasﬁnalespreviasalaroturanienelcasodechorrossujetosaforzado
degranamplitud.Porelo,abordamoselproblemadelanálisisdeestabilidad
nolineal,enelcuallaevolucióndelchorroseobtieneintegrandolasecuaciones
completasnolinealesdelmodelounidimensional,loquepermitepredecircon
precisiónlalongitudderotura,yconﬁrmandoelretardoenelcrecimientode
lasperturbacionesenlaregióncercanaalinyector.
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CHAPTER
ONE
Introductionandtheoreticalbackground
Thebreak-upofaliquidjetintodropletshasattractedtheattentionofmany
scientistsandengineersduringthelastcenturies.Thisphenomenoniswidely
encounteredindailylife,whetherintheformofathreadofhoneyfalingdown-
wardsbyitsownweightorinajetoftapwaterfalingintoasink,andalso
inindustrialapplications.Forinstance,dropbreak-upfromjetsisimportant
inthetechnologicalprocessesofatomization,inkjetprinting,fuelinjection,
particlesorting,drugdeliverysystemsandmanufacturingofmicrocapsules(see
Basaran,2002;Utadaetal.,2007;Kaminskietal.,2016andreferencestherein).
Smaldropscanbegeneratedfromstrechedjetsresortingtotechniquessuchas
ﬂowfocusing(Gañán-Calvo,1998),electrospinning(Doshi&Reneker,1995),
ﬁberspinning(Pearson& Matovich,1969)andgravitationalstretching,the
latterbeingthesimplestofalandthesubjectofthisThesis.
Thebreak-upphenomenoniscommonlycausedbysmalexternaldisturbances
whichgrowspatialyduetothecapilaryinstabilityoriginalydescribedby
Rayleigh(1878).Thebreak-upofjetscanalsobeinducedbyothermechanisms,
likeaerodynamicforcesactingatthejet-airinterfaceiftherelativevelocityis
largeenough(Sterling&Sleicher,1975),ornonlineartravelingwavesofkine-
maticnaturecausedbyﬂuctuationsintheﬂowrate(Meieretal.,1998).Inthe
caseofthecapilaryinstability,thegrowthrateoftheperturbationsisdeter-
minedbytheoppositeeﬀectsoftheaxialandradialcurvaturesoftheinterface
(Savart,1833;Plateau,1873).Thebreak-upisdrivenbysurfacetension,andis
opposedeitherbyviscosityinthecaseofhighlyviscousﬂuids,orbyinertiain
thecaseoflow-viscosityﬂuids.Stretchedjetshavelongerassociatedbreak-up
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lengths than liquid cylinders, but the stabilizing role of axial stretching has not
been studied in detail up to date.
It was Rayleigh (1878) who developed the mathematical theory which accounts
for the growth of capilary disturbances, identifying the most unstable frequency
responsible for the break-up of a liquid cylinder into drops, and since then the
stability of a variety of jet conﬁgurations has been investigated resorting to
diﬀerent approaches. An excelent review of the knowledge of the physics of
liquid jets is covered by Eggers & Vilermaux (2008).
Figure 1.1:Capilary instability of a liquid jet. Water forced from a 4 mm tube is
perturbed at various frequencies by a loudspeaker. The wavelength is 42, 12.5 and 4.6
diameters, the latter being nearly Rayleigh’s value for maximum growth rate. The
top two photographs show secondary swelings between the primary crests. Rutland
&Jameson, extracted from An Album Of Fluid Motion by Van Dyke (1982).
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1.1 Historicalevolutionofthestudyofcapilary
instabilityofjets
Thetheoreticalapproachtothecapilaryinstabilityofjetsbeginswiththe
studyoftheevolutionofdisturbancesonaliquidcylinderbyRayleigh(1878),
whointroducedthemethodofnormalmodes. Histemporalanalysisrevealed
thataxisymmetricdisturbanceswithawavelengthgreaterthanthecircumfer-
enceofthecylinderarelinearlyunstableandgrowexponentialyintime,as
ilustratedinFigure1.1. Thistheorycorrectlydescribesthestabilityofjets
withinarangeofvelocitiescommonlyreferredtoastheRayleighregimein
theatomizationliterature(Lin&Reitz,1998),asconﬁrmedbymanyexperi-
mentalstudiesinthepast(Donnely&Glaberson,1966;Chauhanetal.,2002;
González&García,2009).
ThetemporalanalysiswaslaterappliedtoextendingcylindersbyTomotika
(1936),whoseworkwasrevisedbyMikamietal.(1975)andextendedbyFrankel
& Weihs(1985)toincludetheeﬀectsofliquidinertia,andrevealedthatthe
growthofdisturbancesinelongationalﬂowsdoesnotexhibitasimpleexponen-
tialtimedependence.
Regardingtheapplicationofthemodalanalysistojets,itwaspointedoutby
Keleretal.(1972)thatsinceperturbationsgrowwithdistance,theirevolution
shouldbestudiedresortingtoaspatialstabilityanalysisinsteadofatemporal
one.Indeed,thespatialanalysisisthecorrectapproachinthecaseofjetswith
velocitiesoftheorderofthecapilaryvelocity,andisabletocapturenormal
modesthatdonotarisefromatemporalanalysis.Thesespatialmodes,along
withthetemporaldominantandsubdominantcapilarymodesandhydrody-
namicmodes,havebeendescribedwithdetailbyGuerreroetal.(2012).
Alsooflargeimportancetostabilitycalculationsisthedevelopmentofnew
simplemodelstomathematicalydescribethedynamicsofslenderjets.García
&Castelanos(1994)developedtheone-dimensionalequationsgoverningthe
velocityandtheradiusofthejetthatareobtainedafterexpandinginTay-
lor’sseriesintheradialdirectionandtruncatingtheNavier–Stokesequations
3
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atdiﬀerentorders,improvingthepreviousinviscidformulationderivedbyLee
(1974).Thesemodelshavebeenusedtoperformstabilityanalysesofjetsfor
alongtime,yieldingresultswhichwererecentlycomparedbyGuerreroetal.
(2016).Inparticular,theleading-orderequationsdevelopedalsoindependently
byEggers&Dupont(1994),preciselydescribedropletbreak-upforafreejet
andahangingdrop,andhavebeenwidelyused(seee.g.Eggers,1993;Rubio-
Rubioetal.,2013amongmanyothers)sincetheyprovideeaseofcomputation
whiletheirsolutionsdeviateonlyslightlyfromNavier–Stokessimulations(Am-
bravaneswaranetal.,2002).
Bothtemporalandspatialanalysescanbelocalyappliedwhenthebasicﬂow
evolvesslowlycomparedtothecharacteristicscalesofperturbations.Senchenko
&Bohr(2005)usedthisapproximationtostudytheasymptoticstabilityofa
viscousthreadfarfromtheinjector,concludingthatthespatialgrowthispro-
portionaltoexp(z1/8),wherezisthedimensionlessdistancetotheinjector.
Thestabilityofjetsstretchedbygravityasafunctionofthecontrolparame-
terswasnumericalystudiedusinglocalstabilitytheorybyAminietal.(2013)
andJavadietal.(2013),whileexperimentalobservationsofthenaturalbreak-
upbyNonnenmacher&Piesche(2004)andJavadietal.(2013)measuredthe
intactlengthandrelatedittotheinitialamplitudeofdisturbances.Theeﬀect
ofgravityonthestabilityofjetswasalsoexperimentalystudiedbyCheong&
Howes(2004).
Theseclassicalanalysesarelimitedbythefailuretocaptureshort-termchar-
acteristicsandby makingassumptionsontheperturbationshape. A more
powerfulapproachorientedtoobtaintheresponseoftheequationsgovern-
ingthedisturbancedynamicstoinputvariables,asexplainedforinstanceby
Schmid(2007)andBagherietal.(2009),canaccountforthestabilityoffuly
non-paralelﬂows.
Also,alinearanalysisfailsindescribingthebehaviorofthejetclosetobreak-
up,aspointedoutbyEggers(1997)fordiﬀerentsurfacetensiondrivenﬂows.
Non-linearwaveinteractionandtheformationofdropsandsatelitesobserved
inexperiments(Rutland&Jameson,1971;Chaudhary&Maxworthy,1980a,b)
4
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areinagreementwithweaklynonlinearanalyseswhereperturbationtheoryis
carriedtohigherorderintheamplitudeofdisturbances(Yuen,1968;Chaud-
hary&Redekopp,1980)aswelaswithintegrationofthefulynonlineargov-
erningequations(Mansour&Lundgren,1990).Chuech&Yan(2006)showed
thatanonlineardescriptionpredictslongerintactlengthsandslowergrowth
ofdisturbanceswhencomparedtoitslinearcounterpart.Thenumericalmodel
byFurlani&Hanchak(2010),consistingoftheintegrationofone-dimensional
equationsusingthemethodoflines,isagoodexampleofanonlinearapproach
forpredictingdropgenerationinthecontextofprintingapplications.
Tovalidatethesetheories,anumberofforcingtechniqueshavebeendeveloped
inthepasttocontroltheimposeddisturbancesandthesubsequentbreak-up
ofcapilaryjets.Thebreak-upcanbeinducedbymeansofradiusmodulation,
velocitymodulationorjetvibration,theirequivalencesanalyzedbyMoalemi
& Mehravan(2016). To mentionsomeexamples,experimentalworkwhere
thebreak-upiscontroledresortstoelectrohydrodynamic(González&Gar-
cía,2009),thermocapilary(Hanchak&Furlani,2010),orotherphysicalsur-
facestimulation,orreliesonpressureﬂuctuationsinducedbyamovingpiston
(Meieretal.,1992)orapiezoelectrictransducer(Dongetal.,2006).Inaddi-
tiontobeingausefultooltovalidatestabilityanalyses(Bogy&Talke,1984),
someoftheseforcingtechniquescanbeeasilyadaptedforapplicationsinvolving
drop-on-demandsuchasink-jetprinting.Inparticular,thoroughexperimental
descriptionsofthegenerationandmeasurementoftheinitialamplitudeofdis-
turbancesandtheintactlengthofjetsareincludedintheworksofMeieretal.
(1992),Kalaajietal.(2003)andGarcíaetal.(2014).
1.2 Linearstabilityanalysisofcapilaryjets
Alinearstabilityanalysisdescribestheevolutionofsmaldisturbances. The
ﬂuidﬁeldϕisaccordinglydecomposedintoasteadybaseﬂowplusO()distur-
5
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bances,ϕ(z,t)=ϕ0(z)+ϕ1(z,t). Moreover,althoughunabletoquantitatively
describethenonlinearbehaviorbeforebreak-up,itqualitativelyaccountsfor
thephysicalmechanismsinalthestagesofthegrowthofperturbations(Lin
&Reitz,1998).
Inthissection,thelinearapproachestothestabilityofliquidjetsarebrieﬂy
reviewed.Intheexistingliterature,theevolutionofdisturbancesonaliquid
cylinderhasbeenaddressedwiththe methodofnormal modesintheform
ofatemporalanalysis. Thisapproachissuitableforparaleljets,althougha
spatialanalysisreﬂectsbetterthefactthatinjetsissuingfromanozzledis-
turbancesevolveinspaceratherthanintime.Similartechniqueshavebeen
extendedtoquasi-paraleljetsperformingalocalanalysis,wherethegrowth
ofperturbationsisposedonaco-movingframeundertheassumptionthatthe
characteristiclengthatwhichtheﬂowvariesinspaceismuchlargerthanthe
wavelengthofperturbations.Fortheﬁrsttime,inthepresentThesiswede-
velopalinearglobalapproachtoproperlyaccountforthefulynon-paralelﬂow
inthemeniscusregionofgravitationalystretchedliquidjets.
Themethodofnormalmodeshasbeenwidelyusedforperformingstabilityanal-
yses.Itconsitsinperturbingandlinearizingthegoverningequationsarounda
steadysolution,andassumingthattheperturbationscanbedecomposedinto
independentwave-likeFouriermodes,characterizedbytheirfrequencyωand
wavenumberk=2π/λ,whereλisthewavelength.Applyingtheseassumptions
tothelinearizedconservationequations,adispersionrelationD(ω,k)=0is
obtainedthatisonlysatisﬁedbycertainfrequency–wavenumberpairsofvalues
thatconstitutethenormalmodesintheformoftravelingwavesofphaseveloc-
ityω/kandgroupvelocitydω/dk.Rayleigh(1878)pioneeredtheapplicationof
thismethodtostudythestabilityofaninviscidliquidcylinder.Inparticular,
heusedatemporalstabilityanalysis,whereitisassumedthattheamplitudeof
thesewavesevolvesexponentialyintime,(h1,u1)∝eωt,whereh1andu1are
theperturbedradiusandspeedofthejetandωisacomplexnumber.Describ-
ingthedynamicsofthejetresortingtoalinearizationoftheNavier–Stokes
6
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equationswheretheinterfacetakestheformh(z,t)=h0+ eωtcos(kz),heob-
tainsadispersionrelationforthefrequencyandwavenumberofperturbations.
Fromthephysicalpointofview,theimaginarypart (ω)istheangularfre-
quencyofsuchdisturbances,whereastherealpart (ω)indicatesthegrowth
ordecayrateoftheperturbations,sothatsystemswhere (ω)>0foratleast
oneeigenvalueareunstable.Rayleighconcludedthatthejetisunstableforax-
isymmetricmodeswhosewavelengthλisgreaterthanthecircumferenceofthe
jet2πR,asshowninFigure1.2.Insuchcases,theLaplacepressureincreasesin
constrictedregions,drivingtheﬂuidoutwardsandfurtherreducingtheradius.
Onthecontrary,atshortwavelengthstheeﬀectoftheaxialcurvatureprevails,
drivingtheﬂuidtowardsvaleysandprovidingthecut-oﬀwavelength.
Rayleigh’sdispersionrelationisnotthemathematicalysimplestformulation
todealwith.Sincethemostunstablewavelengthisλopt 9h0,thedescription
oftheampliﬁcationwaslatersimpliﬁedkeepingonlytheleadingordertermsin
along-wavelengthexpansion(Lee,1974;Eggers&Vilermaux,2008),
ω2=−12
σ
ρh30 (kh0)
2−(kh0)4 , (1.1)
whereσandρaresurfacetensionanddensityoftheﬂuid,andh0istheunper-
turbedradiusofthejet.
Undermostcircumstances,capilaryjetsareinjectedwithacertainvelocity
withrespecttotheﬁxedreferenceframeofanozzle,sothatdisturbancesevolve
inspaceratherthanintime.Ajetisaconvectivelyunstableﬂow,inwhichper-
turbationsremainﬁniteataﬁxedpointsinceconvectionwashesthemdown-
streamfasterthantheygrow.Sinceoscilationsonajetareusualyverysmal
nearthenozzle,suchbehaviorismoreappropriatelydescribedbyrequiringω
toberealandktobecomplex(Keleretal.,1972)andperformingaspatial
stabilityanalysis.Thesespatialmodespresentthesamefrequencyasthenoise
source,andgrowordecayinspaceaccordingtoeikz,wherekisarootofthe
dispersionrelationD(ω,k)=0.Thereexistsaninﬁnitespectrumofcomplex
rootsk,thedominantmodepresentingthefastestgrowthandpositivegroup
7
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Figure1.2:Dimensionlesstemporalgrowthrateversuswavenumber,obtainedfrom
experimentswithink,usingthebreakuptimemethod(+)andtheamplitude-evolution
method( ). Thelinescorrespondtotheoreticalpredictionswith(solidline)and
without(dashedline)aireﬀectforOh =0.021andWe =59,usingthespatial
analysisandatranslationtothetemporalvariables. Reproducedfromtheworkof
González&García(2009),whereinthey-axislabelΩImstandsfor (ω)andthe
characteristictimeistc=ρR3/σ.
velocity∂ω/∂k>0.
Inaspatialanalysis,thegrowthrateisgivenby− (k∗),wherek∗=kh0is
thedimensionlesswavenumber.Amongthespatialmodesarisingfromthedis-
persionrelation,twocapilarymodescanbeidentiﬁedinbothtemporaland
spatialanalysis.Thedominantcapilarymodeisresponsibleforthecapilary
instability,since (k∗)<0when (k∗)<1,whilethesubdominantmodeis
alwaysstable.Twoupstreamcapilarymodeswhichpresentlargewavenumbers
canonlybeidentiﬁedinaspatialanalysis,andareoriginatedbythebalance
betweencapilarityandadvectiveinertia. Othermodesthatcannotbecap-
turedbytheone-dimensionalmodeldevelopedbyLee(1974)arethefamilies
ofinertialandhydrodynamicmodes(Guerreroetal.,2012).Thesemodescan
coalesce,andabsoluteinstabilitytakesplacewhenmodeswhosegroupvelocities
areoppositeattainthesamewavelength,resultinginperturbationswichgrow
whiletheirgroupvelocityremainsnul.
8
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Atemporalanalysisiseasiertoimplementthanitsspatialcounterpart,but
isonlyapplicabletoperturbationsthatgrowuniformlyinspace. Thespatial
growthratesofcertainmodesagreewel withtheirtemporalcounterpartsona
cylinderwhenthejetvelocityishigh.Inparticular,whenthe Webernumber
islargeenough,thespatialstructureofdisturbancesalongthejetisvirtualy
uniformatthescaleofonewavelength,justifyingamuchmoresimpletemporal
analysisperformedinthejet’sreferenceframe.
Thecaseofparaleljetscanbeexaminedwiththetemporaltheoryﬁrstde-
velopedbyTomotika(1936),whichwasextendedbyFrankel& Weihs(1985)
toincludetheeﬀectsofliquidinertia. Theyconsiderabasicﬂowsubjectto
atemporalstrechingwhichisuniforminspace,wherethewavelengthofper-
turbationsisalsoafunctionoftimeowingtothebasicelongationalmotion.
Theevolutionofsurfaceperturbationsisaddressedasaninitial-valueproblem
insteadofaneigenvalueone.Theirstabilityanalysisrevealsthatthelargerthe
initialwavenumber,thelargertheampliﬁcationattainedandthelaterittakes
place.
Whenthestabilityofaquasi-paraleljetisaddressed,theradius h0ofthe
jetevolvesinspace,andconsequentlysodothestabilitypropertiesofpertur-
bations.Inparticular,ifthecharacteristicscaleatwhichtheﬂowevolvesis
muchlargerthanthewavelengthofdisturbances,itispossibletoimplement
alocalstabilityanalysis. Theanalysisislocalinthesensethatadispersion
relationD(ω,k)appliesatalpointsalongthejet,interpretingh0=h0(z)and
k=k(z)asthelocalvaluesofthejetradiusandperturbationwavenumber.
Theamplitudeofperturbationsisobtainedintegratingthegrowthratetaking
intoaccountthespatialvariationofh0andk.
Incasealocaltemporalanalysisisdeveloped,thegrowthrate (ω)hastobe
integrated,
G=
t
0
[ω(k(0),τ)]dτ=πQ
z
0
h0(x)2 {ω[k(x),h0(x)]}dx, (1.2)
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wherethetimeintegralistransformedintoaspatialoneusingdτ=dx/u0,and
theampliﬁcationofperturbationsistheexponentialofequation(1.2),exp(G).
Inparticular,anasymptotictemporalanalysisisproposedbySenchenko&
Bohr(2005)foraviscousﬂuidstreamingfromasmaloriﬁceandfalingfreely
undergravity,subjecttoperturbationsofwavelengthkoattheinjector.They
describethejetwithaone-dimensionalmodelofmassandmomentumconser-
vationequations(Eggers&Dupont,1994),derivingthatfarfromtheoriﬁce
h0(z)∼z−1/4. Tostudythestability,thegainiscomputedonaco-moving
frame,usingthelongwavelengthmodel(1.1)toestimatethelocalgrowthrate
(ω).Thelatterisafunctionofawavelengthwhichevolvesinspacesatisfying
massconservation,sothatperturbationsbehaveask=koh0(z)2/R2. There-
fore,basedonthesesimpliﬁcations,theyposethatonafreelyfalingthread
ofﬂuidtheamplitudeofdisturbancesevolvesasexp(z1/8),indicatingthatthe
growthofdisturbancesissloweddownwithrespecttotheusualexponential
behaviorobservedinaliquidcylinder.However,onelimitinghypothesisisthat
equation(1.1)assumesaninviscidliquid,whilethelocalOhnesorgenumber
increasesdownstreamalongthejet.
AnotherexampleofalocaltemporalanalysisistheworkofJavadietal.(2013),
inthiscaseconsideringaspatialoriginanywherealongthejettoquestionably
accountfortheeﬀectofthemeniscusinnon-paraleljets.
Quasi-paralelassumptionscanaswelbeappliedtoperformalocalspatial
analysisofﬂowswhichvaryslowlyinspace,obtainingadispersionrelationat
eachaxialcoordinate. Thelocalgrowthrate− [k(z)]isspatialyintegrated
toyieldtheampliﬁcationofdisturbances.Thistechniqueisused,forinstance,
intheworkofAminietal.(2013),includingadiscussionofthevalidityofthis
hypothesisdependingonthenon-paralelismoftheﬂow.
Tosumup,inaquasi-paraleljettheevolutionofdisturbancesbecomesan
initialvalueproblemcoupledwithaneigenvalueproblem.Todeterminewhere
break-upoccurs,theinitialamplitudeofdisturbancesmustbeknown,andthen
itsspatialevolutionmustbecomputedintegratingthegrowthrate.Evenini-
tialystableshortwavelengthscanamplifysuﬃcientlydownstreamfromthe
10
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injector,andthereisnotaspeciﬁcwavenumberpresentingmaximumampliﬁ-
cationthroughoutthejet.
Itshouldbementionedthatthelocalstabilityanalysiscanalsobeimplemented
forslowlyvaryingﬂowstoidentifythetransitiontoglobalinstabilityasthe
governingparametersarevaried.Inthiscase,thecharacteroftheinstability
changesfromconvectivetoabsolute,correspondinginpracticewithadripping
regime. Aspatiotemporallocalanalysiscanidentifythistransition(Leib&
Goldstein,1986a,b;LeDizès,1997;Sevila,2011).
Nevertheless,thelocalassumptionsareatleastquestionablewhentheﬂow
presentshighlynon-paralelregions,suchasthemeniscusofthejetsshownin
ﬁgures1.3and1.4. Theseﬂowsrequireamoreelaborateanalysis,whereno
assumptionsonthespatialshapeofperturbationsaremade.Insteadofus-
ingaclassicaleigenvalueanalysis,adiﬀerentperspectivehastobeconsidered.
Thenonmodalstabilitytheorygeneralizesthestabilityanalysis,consideringit
astheresponseofthegoverningequationstogeneralinputvariables(Schmid,
2007).Itconsistsofageneralformulationbasedonalinearinitialvalueprob-
lem,whichiseasilyextendabletoincorporatetime-dependentﬂows,spatialy
varyingconﬁgurations,andcomplexgeometries, makingitausefultoolfor
performinginput–outputstudyofﬂows(Barbagaloetal.,2011;Bagherietal.,
2009). TheglobalfrequencyresponseanalysispresentedinChapter2canbe
includedamongthesenonmodallinearanalyses.
Finaly,itshouldbeemphasizedthataltheanalysesdescribedaboveassume
thattheamplitudeofdisturbancesissmal.Largeperturbations,waveinterac-
tionandthestagesclosetobreak-upmustbedescribedresortingtoanonlinear
analysis(Eggers(1997);Eggers&Vilermaux(2008)andreferencestherein).
ThisistheapproachadoptedintheanalysispresentedinChapter3.
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1.3 Mathematicaldescriptionofthejet
WeconsideranaxisymmetricNewtonianliquidjetofdensity ρandkinematic
viscosityνdischargingintoairataconstantﬂowrateQfromaninjectorof
radiusR,falingunderthegravitationalaccelerationg,andwithσtheliquid–
airsurfacetensioncoeﬃcient,asshowninFigure1.3.Theproblemisposedon
acylindricalcoordinatesystem,withz
L(t)
u(z,t)h(z,t)R g
z
correspondingtotheaxialcoordinate,
andwiththeoriginbeinglocatedatthecenteroftheexitsectionofthenozzle.
Figure1.3:Photographofaliquidjetstretchedbygravity,wherestrongstretching
isobservedinthemeniscusregionneartheoutlet.Theaxialcoordinatez,radiusof
theinjectorR,jetradiush(z,t),axialspeedu(z,t)andjetlengthL(t)aredisplayed
aswel.Thearrowlabeledgindicatesthedirectionofthegravitationalacceleration.
InsteadofdescribingtheﬂowwiththeNavier–Stokesequations,itismathemat-
icalysimplertodealwithaone-dimensionalmodel. Theadvantageofusing
thisformulationisaconsiderablereductionofcalculationcosts,whilekeeping
theaccuracyofresults.Forinstance,adetailedcomparisonofthesamelead-
ingorder1DmodelusedthroughoutthisThesiswitha2DFEMalgorithmis
discussedintheworkofAmbravaneswaranetal.(2002),whoperformedcal-
culationsofconsecutivebreak-upeventsinadrippingregime. Moreover,the
accuracyofseveralone-dimensionalmodelswhenusedinalocalspatialanal-
ysiswasassessedbyGuerreroetal.(2016),showinggoodagreementwitha
3Danalysis. Manyauthorshavetakenadvantageofthesefeatures,usingone-
dimensionalformulationsforperformingstabilityanalysis(Ambravaneswaran
etal.,2002;Senchenko&Bohr,2005;Hanchak&Furlani,2010;Aminietal.,
2013;Rubio-Rubioetal.,2013).
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Inthefolowing,wewilderivethe1Dmodelforjetspresentingatypicalra-
diallengthscalemuchsmalerthanthelongitudinalscale.Inthiscase,the
velocityandpressureﬁeldscanbeTaylor-expandedintheradialdirection,and
thegoverningequationsareobtainedbysubstitutingtruncatedTaylorseries
intotheNavier–Stokesequationstogetherwithappropriateboundarycondi-
tions.Dependingontheorderoftheretainedtermsandtheassumedvelocity
proﬁle,diﬀerentone-dimensionalformulationssuchasviscousLee,Cosserat,
ParabolicandAveragedmodelscanbededuced,asrigorouslyjustiﬁedbyGar-
cía&Castelanos(1994).InthisThesis,weusethe1D modelintroduced
byEggers&Dupont(1994)andGarcía&Castelanos(1994),inwhichonly
leading-ordertermsareretained.
Theone-dimensionalmodelisobtainedstartingfromtheNavier–Stokesequa-
tionsforanaxisymmetriccolumnofliquidincylindricalcoordinates,
∂V
∂t+V
∂V
∂r+U
∂V
∂z=−
1
ρ
∂P
∂r+ν
∂2V
∂r+
∂2V
∂z+
1
r
∂V
∂r−
V
r2 , (1.3)
∂U
∂t+V
∂U
∂r+U
∂U
∂z=−
1
ρ
∂P
∂z+ν
∂2U
∂r+
∂2U
∂z+
1
r
∂U
∂r −g, (1.4)
and
∂V
∂r+
∂U
∂z+
V
r, (1.5)
wherezandraretheaxialandradialcoordinates,UandVaretheaxial
andradialcomponentsofthevelocity,andPisthepressure. Thesearesu-
plementedwithboundaryconditions,consistingofthebalanceofnormaland
tangentialforcesattheair–liquidinterface,andthekinematicconditionatthe
surface,whichcanbefounde.g.inEggers&Dupont(1994).Theﬂuidﬁelds
oftheaxysimmetricslendercolumnareexpandedinTaylorseriesintheradial
direction,
U(z,r)=U0+U2r2+.., (1.6)
V(z,r)=−12
dU0
dzr−
1
4
dU2
dzr
3+.., (1.7)
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and
P(z,r)=P0+P2r2+... (1.8)
UponsubstitutionintheNavier–Stokesequations,andsolvingtolowestorder,
Eggers&Dupont’sone-dimensionalmassandmomentumconservationequa-
tionsareobtained(Eggers&Dupont,1994)as
∂h2
∂t+
∂(h2u)
∂z =0, (1.9)
∂u
∂t+u
∂u
∂z=−
σ
ρ
∂C
∂z+g+
3ν
h2
∂
∂z h
2∂u
∂z , (1.10)
wherehanduarethejetradiusandmeanaxialspeedonasliceofthejet,the
latteraccountingforaphysicalvelocityﬁeldwhichhasbothlongitudinaland
radialcomponents.Thefulexpressionfortheinterfacialcurvatureiskept,
C=h−1 1+ ∂h∂z
2 −1/2
−∂
2h
∂z2 1+
∂h
∂z
2 −3/2
, (1.11)
toprovideanexactbalancebetweengravityandsurfacetensioninthemenis-
cusregionneartheoutlet. Moreover,theaxialcurvaturemustbepreservedto
studythecapilaryinstabilitysinceitopposestotheeﬀectoftheradialcurva-
ture,beingresponsibleforthecut-oﬀforhighfrequencydisturbances.
ThroughoutthisThesis,wedescribethedynamicsofthejetusingequations
(1.9)-(1.11),whichareknowntogiveanexcelentdescriptionofgravitationaly
stretchedjets,asRubio-Rubioetal.(2013)haveexperimentalydemonstrated.
Nondimensionalization Equations(1.9)-(1.11)arenondimensionalizedus-
ingtheradiusandthespeedofthejetattheinjectorascharacteristiclength
andvelocityscales,zc=Randuc=U.Thecharacteristictimeatwhichper-
turbationsevolveisgivenbythecapilarytime,tσ= ρR3/σ,forlowviscosity
jets(Oh≤1)orbythevisco-capilarytime,tµ=µR/σ,formoreviscousﬂuids
(Oh>1).
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Therefore,thedimensionlessparametersinthegoverningequationsbecomethe
Webernumber We=ρRu20/σwhichcomparesthekineticandsurfaceenergies,
theBondnumberBo=ρgR2/σwhichaccountsfortherelativeimportance
ofgravityandsurfacetension,andtheOhnesorgenumberOh=µ/(ρRσ)1/2
whichcanbeinterpretedastheinverseoftheReynoldsnumberbasedonthe
capilaryvelocityvσ=R/tσ.Physicaly,thesedimensionlessnumberscanbe
associatedtothethreecontrolparametersoftheﬂow:largervaluesofQ,R
andνresultinhigherWe,BoandOhrespectively.
Finaly,itshouldbe mentionedthatweattemptedtobalancetermsinthe
momentumequationtoobtainbetterscales,sothatneaterdimensionlessequa-
tionsandsimplecorrelationsbetweeninputandoutputparameterscouldbe
obtained.However,thistaskremainsongoingwork,andwedecidedtopresent
mostresultsofthisThesisdimensionaly. Withoutdetractingfromthesedraw-
backs,theusedcharacteristicscalesareadvantageoussincetheyimprovethe
stabilityofthenumericalmethod.
1.4 Outlineofthedissertation
ThepresentThesisdealswiththestabilityofstronglystretchedliquidjets,as
thosedisplayedinﬁgures1.3and1.4. Thesearegeneratedbyinjectingﬂuid
fromaneedleintoastagnantairatmosphere,ataconstantﬂowratethatis
slightlylargerthanthecriticalvalueatwhichtheﬂowtransitionsfromjetting
todripping.Theshapeofthesejetsisdeterminedbythreecontrolparameters,
namelytheviscosityoftheworkingﬂuid,thediameteroftheinjectorandthe
ﬂowrate,and,asexplainedbefore,theirdynamicscanbeproperlyandeﬃ-
cientlydescribedwiththeone-dimensionalmassandmomentumconservation
equations.Theaimofourstudyistounderstandtheroleofthemeniscusinthe
evolutionoftheadvecteddisturbancesindiﬀerentﬂowconﬁgurations,whichin
turnwilalowustopredictthebreak-upbehaviorintermsoftheintactlength
andthemostampliﬁeddisturbances.
Thesejetsaresubjectedtotwoverydistinctivesourcesofdisturbances,namely
15
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duetoambientnoiseorspeciﬁcalyimposed,whichinthecasesthatwestudy
manifestthemselvesasﬂuctuationsoftheaxialspeedattheinjectorexit.Since
theinitialconditionspresentdiﬀerentcharacterizationdependingontheorigin
ofperturbations,thestudyoftheevolutionoftheiramplitudeastheyaread-
vectedbythejetandtheeventualbreak-upthattheyoriginaterequirediﬀerent
experimentalandtheoreticalapproaches.
Figure1.4: Naturalbreak-upofajetstretchedbygravity,obtainedwhenaﬂuid
withkinematicviscosityν=50cStisinjectedtrhoughatubeofinnerdiameter
Di=6.5mmataﬂowrateQ=0.12ml/s.
Chapter2dealswiththenaturalbreak-upofjets,wheredisturbancesconsist
mainlyofnoisecomingfromtheambientandfromtheexperimentalfacility.In
thiscase,thelatterisdesignedtominimizetheiramplitude.Althoughforthe-
oreticalpurposesitisusualyassumedthatperturbationscanbedescribedas
whitenoise,thepassivecontrolofdisturbancesdoesnotguarantee,inpractice,
thatenergyisuniformlydistributedamongalfrequencies.
Wepresentexperimentalmeasurementsoftheintactlength,ﬁndingthatthey
qualitativelyrespondtovariationsofthecontrolparametersinasimilarwayas
moreslenderjetsstudiedinpreviousworks(Nonnenmacher&Piesche,2004;
Javadietal.,2013). Wealsoreportaparameterwhich,toourknowledge,has
notbeenpreviouslymeasured,namelytheoptimalfrequencywhichcausesthe
break-up.
Regardingthetheoreticalapproachtothenaturalbreak-up,thesmalam-
plitudeofvelocityﬂuctuationssuggeststhatalinearapproachisvalidduring
mostoftheampliﬁcationprocess,beingviolatedonlyintheﬁnalstagespriorto
break-up. Wethereforestudythenaturalbreak-upresortingtolinearstability
analysis,inwhichtheﬂowisseparatedintoasteadybasicﬂowplussmaldis-
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turbances. Weinitiatethediscussionpresentingalocalspatialanalysis,which
isabletodescribetheevolutionofdisturbanceswhenthebasicﬂowisquasi-
paralel.However,sincethishypothesisismanifestlyviolatedinthemeniscus,
weabandonthemodalstabilityanalysisandpresentanovelglobalfrequency
responseanalysis.Inthisinput-outputanalysis,theresponseexhibitsaform
φ(x,t)=φˆ(x)eiωt.Basedonthistheoreticalapproach,weperformnumerical
calculationswhichenableustocapturetheevolutionofdisturbancesandin
particularthedampingeﬀectofthemeniscus. Wealsousethisformalismto
predictbreak-up,calculatingtheintactlengthandtheoptimalfrequency.
WedevoteChapter3tothecontroledbreak-upofjets,analyzingexperiments
wheremechanicalforcingisusedtoimposevelocityﬂuctuationsattheinjector
ofknownamplitudeandfrequency.Inthisway,uncertaintiesregardingthe
energydistributioninthenaturalbreak-upareovercome.Stimulationparam-
etersaresweptoverdiﬀerentﬂowconﬁgurations,observingatransitionfrom
chaotictoperiodicbreak-up,andﬁnalyestablishinganoscilatorydripping
regimewhentheamplitudeofdisturbancesislargeenough.
Toproperlydescribethestabilityoflargeamplitudeperturbationsandcap-
turetheﬁnalstagesbeforebreak-up,anonlinearanalysisisperformed.Inour
numericalapproach,theevolutionoftheﬂuidﬁeldisobtainedintegratingthe
fulynonlinearone-dimensionalconservationequations,enablingustoaccu-
ratelypredictthebreakuplengthandconﬁrmingthedelayinthegrowthof
capilarydisturbancesinthemeniscusregion.
WeﬁnalysummarizetheconclusionsofthisThesisandindicatefutureworks
inChapter4.
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2.1 Introduction
WeconsideranaxisymmetricNewtonianliquidjetdischargingintoairatcon-
stantﬂowrate,falingundertheinﬂuenceofthegravitationalacceleration,as
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thosedisplayedinFigures1.3and1.4.Forsuﬃcientlylargevaluesofthein-
jectedspeedthejetisglobalystable(Rubio-Rubioetal.,2013),inthesense
thatnoself-sustainedresonantstates,typicalyadrippingregime,mayarise.
Nevertheless,fartherdownstreamatacertainbreak-uplength,Lb,theRayleigh
instabilitycausestheliquidcolumntodisintegrateintodroplets.Inthischap-
terwestudythenaturalbreak-upofthesejetsbymeansofexperimentsanda
linearstabilityanalysis,consideringcaseswherethejetissubjectedtovelocity
disturbancesofsmalamplitudecomingfromnoiseintheexperimentalfacility.
Asaconsequenceofthebasicelongationalﬂow,theperturbationswhichgrow
whiletheyareadvectedbythejetdonotexhibitasimpleexponentialtime
dependence(Tomotika,1936;Mikamietal.,1975;Frankel& Weihs,1985).
Ourresearchfocusesontheeﬀectofstretchingonthedevelopmentofcapilary
instabilitiesonjetsacceleratedbygravity.Ingeneral,extensionalﬂowsalow
thegenerationoflongligamentswhenthestretchingeﬀectisstrongenough.For
instance,ithasbeenpreviouslyobservedthatextendingliquidbridgesbecome
assoonasthestretchingisturnedoﬀ(Marmottant&Vilermaux,2004).In
thecaseofaliquidcylinderaxialyelongatingwithtimeintheStokesregime,
Tomotika(1936)wastheﬁrsttoidentifythedampingroleofstretching,an
analysisthatwaslaterrevisedbyMikamietal.(1975).Theseauthorspointed
outtheimportantfactthatinitialystableperturbationsofshortwavelengths
wereelongatedbytheﬂowuntiltheybecameunstableandoriginatedthebreak-
upoftheliquidligament.Indeed,anextendingthreadincreasesthewavelength
ofperturbationsanddecreasestheiramplitude(Eggers&Vilermaux,2008).
Inagravitationalystretchedjet,thedistancebetweentwogivenﬂuidparticles
increasesintheaxialdirectionduetotheirdiﬀerentvelocities,andthesame
occurstotheradiusdisturbances,leadingtoanincrementoftheirwavelength
downstream.Tocomplywithmassconservation,theamplitudemusttherefore
decreaseinthedownstreamdirection,providedthatthisstabilizingmechanism
dominatesoverthedestabilizationassociatedwiththePlateau–Rayleighinsta-
bility.
24
2.1.Introduction
Previusworksincludeseveralexperimentalstudiesdealingwiththeparametric
studyofthenaturalbreak-upofgravitationalystretchedcapilaryjets,where
itwasfoundthatthebreak-uplengthincreaseswithboththeinjectedﬂow
rateandtheliquidviscosity(Nonnenmacher&Piesche,2004;Javadietal.,
2013). However,thisworksdidnotconsidercaseswithastrongstretchingin
themeniscusregionthatappearforlargerinjectorsandsmalerﬂowratesclos-
etothejetting–drippingtransitionthreshold. Thus,inthepresentThesiswe
carriedoutexperimentswherethreecontrolparameterswerevaried,namely
theliquidviscosity,theinjectordiameterandtheliquidﬂowrate,toproduce
stronglystretchedjets. Consideringthehystereticnatureofthetransitionto
globalinstabilitywheninjectingtheﬂuidatlowﬂowratesusingrelatively
largenozzlesreportedbyRubio-Rubioetal.(2013),thecharacterizationofthe
break-upphenomenonundertheseconditionsrepresentsaneccesaryextension
oftheexistingwork. Moreover,ourexperimentsoﬀerinformationregarding
thefrequencyofthemostampliﬁeddisturbances,aparameterwhich,toour
knowledge,hasnotbeenreportedbefore.
Thestabilityanalysisofthenaturalbreak-upofjetscanbeaddressedapplying
linearassumptions,sincetheamplitudeofdisturbancesremainssmalduring
mostoftheampliﬁcationprocess.Inmostpreviousworks,thestabilityhasbeen
studiedusingamodalanalysisinalocalformulation.Animportantexception
istheworkofFrankel& Weihs(1985)onjetswithlinearlyincreasingaxial
velocity,ﬁndingthat,sincethegrowthrateofagivenharmonicperturbation
isnotconstant,itstemporalevolutionhastobeintegratedtodeterminethe
dominantwavelength,whichvariesalongtheprocess. Moreover,inagreement
withtheﬁndingsofTomotika(1936)andMikamietal.(1975),break-upcanbe
inducedbyinitialystabledisturbances.Later,theasymptotictheorydueto
Senchenko&Bohr(2005)revealedthatspatialgrowthhastheformexp(z1/8)
inthefree-falregionsuﬃcientlyfarfromtheoutlet. Recently,Javadietal.
(2013)proposedtheoptimizationofboththefrequencyandtheinitialposition
ofdisturbancestopredictitsbreak-up.However,thelatterassumptionregard-
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ingthespatialoriginofthedisturbancealongthejetisquestionable,andwil
beinterpretedinthisThesisasadelayedgrowthofperturbationsoriginatedin
thefeedingsystemduetothepresenceofthemeniscusneartheoutlet.Amini
etal.(2013)appliedlocalstabilitytheorytoperformaparametricstudy,and
reportedthatthegrowthrateofperturbationsincreaseswhenthe Webernum-
berisloweredortheBondnumberisincreased,consistentwithpreviousworks.
Folowingthisclassicalapproach,herewepresentalocalanalysisinwhichthe
non-paralelismoftheﬂowistakenintoaccountbyderivingadispersionrela-
tionwhereleadingordernon-paraleltermsareretained.However,suchalocal
analysisisonlyvalidwhenthebasicﬂowisslowlyvarying(Aminietal.,2013).
Intheﬂowconﬁgurationsunderstudyinthisthesis,quasi-paralelassumptions
areviolatedinthemeniscus,whatrequiresafulynon-paralelapproachfora
correctdescription.
Inthelastdecades,thenon-modalstabilityanalysistechniquehasbeende-
veloped(Reddyetal.,1993;Trefethenetal.,1993),motivatedbythefrequent
failuretopredicttheﬂowstructuresandtransitionsobservedinexperiments
withamodalapproach.Inpractice,certainasymptoticalystableﬂowsexhibit
substantialtransientampliﬁcationoftheinputenergy.Suchbehaviorisex-
plainedbythenon-normalityofthelinearizedevolutionoftheoperatorwhich
governstheevolutionofsmalamplitudedisturbances(Bagherietal.,2009),
thisbeingthecaseofconvectivelyunstableﬂows(Chomaz,2005;Schmid,2007).
Inanon-modalapproach,thestabilityanalysisisaddressedinaninput-output
formalism. Theﬂowﬁeldisdescribedusingastate-spaceformulation,where
theoperatorgoverningthedynamicsofthesystemactsasamappingofini-
tialconditionsorexternalexcitationsontooutputvariables(Schmid,2007).
AsreviewededbyBagherietal.(2009),themaintoolsofinvestigationinthis
frameworkaretheimpulseresponse,thefrequencyresponseandthetransfer
functions.Forcingistypicalyappliedataspeciﬁedlocationasanimpulsive
signaltoanalyzefrequencyselectionbehavior,orasaharmonicsignaltoyield
thefrequencyresponseofthelinearsystem. Meanwhile,thetransferfunction
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canberegardedasageneralizationoftheresolventwhichdescribestherelation
betweeninputsandoutputs.
Thesetechniqueshavebeensuccesfulyappliedtomodelconvectivelyunstable
ﬂows(seeSchmid(2007),Bagherietal.(2009)andreferencestherein)which
displayextrinsicdynamics,beingsensitivetothenatureofforcingandacting
asnoiseampliﬁers.Insuchcases,unstablewavesamplifywhiletheyaread-
vectedbytheﬂow,andthereforeataﬁxedstationperturbationsgrowinitialy
todecaylaterasthetailofthewavepacketpassesby.Incontrast,globaly
unstableﬂowsbehaveasﬂowoscilatorswithawel-deﬁnedfrequencythatis
ratherinsensitivetoexternalforcing.Inspatialydevelopingﬂows,theexis-
tenceofapocketofabsoluteinstabilityisanecesarybutnotsuﬃcientcondition
forglobalinstability(Chomazetal.,1988).
Itisclearthataninput-outputanalysisistheappropriatetooltoaccount
forastronglyspatialyvaryingﬂowconﬁguration. Therefore,inthischapter
weproposeanovelglobalfrequencyresponseanalysisofliquidjetsstretched
bygravity.Inthisgenerallinearformulation,insteadofadoptingthenormal
modeassumption,westudytheresponseofthejetwithafunctionoftheform
φ(x,t)=φˆ(x)eiωt,whereφ(x,t)isagenericﬂowvariable,ˆφ(x)itsassociated
spatialstructure,andωtheforcingfrequency.
2.2 Linearstabilityanalysis
Inthenaturalbreakupofstretchedliquidjets,theamplitudeofdisturbances
atthenozzleoutletissmal,andthereforealinearanalysisprovidesagoodde-
scriptionoftheevolutionofperturbationsexceptforashorttimeintervalprior
topinch-oﬀ.Sincethelocalanalysisprovidesinsightintothespatialgrowthof
disturbances,wederivehereadispersionrelationwhichincludesnon-paralel
terms,andimplementaquasi-paralelspatialstabilityanalysisbasedonsuch
dispersionrelation.Althoughthelattermethodologycapturesthefactthatthe
mostampliﬁedfrequencyvarieswiththeaxialcoordinate,thequasi-paralel
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assumptionisviolatedinthemeniscusregion. Therefore,aglobalanalysisis
alsodeveloped,wherenoassumptionsontheshapeofdisturbancesismade,
exceptfortheiramplitudebeingsmal.
2.2.1 Mathematicaldescriptionofthejet
Inthischapterwedealwithsmal-amplitudeperturbationscomingfromthe
experimentalfacility. Accordingly,theproblemwilbestudiedwithalinear
approach,inwhichtheradiusandaxialvelocityofthejetaredecomposedinto
asteadybasicﬂowplusO()disturbances,
h(z,t)=h0(z)+h1(z,t),
u(z,t)=u0(z)+u1(z,t). (2.1)
Theequations2.1arepluggedintotheconservationequations,andtermswith
diﬀerentordersofmagnitudeareidentiﬁedtosolvethebasicﬂowandtheper-
turbedﬂowﬁeld,respectively.
Asdiscussedinthepreviouschapter,aone-dimensionalmodeloftheNavier–
Stokesequationsisabletocapturethedynamicsofaslenderjetwhilepresenting
averylowcomputationalcost. Wethereforedescribetheﬂuidﬁeldusingthe
equations(1.9)-(1.11)ofChapter1.
2.2.1.1 Basicﬂow
Thesteadybasicﬂowh0(z),u0(z)isdescribedbythesteadyversionofthe
one-dimensionalconservationequations(1.9)-(1.11).Inparticular,thesteady
versionofthecontinuityequation(1.9)relatesthepositionoftheinterfaceand
theaxialvelocity,
u0(z)=UR2/h0(z)2, (2.2)
whereUisthemeanoutletvelocityandRistheinnerradiusoftheinjector.
Substituting(2.2)intothesteadyversionofthemomentumequation(1.10),
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thefolowingnonlinearequationforh0(z)isobtained,
N[h0]=2U2R4h0h30+
σ
ρ h0(1+h
20)−1/2+ h0h0h0+h20h0 (1+h20)−3/2
−3h20h0h20(1+h20)−5/2 +gh20+6UR2ν h
20
h20−
h0
h0 =0,
(2.3)
whereprimesdenotespatialderivatives ∂∂z.
Suﬃcientlyfardownstream,wheregravityandinertiaarethedominatingcon-
tributions,thesteadyjetsfolowsTorriceli’sfreefallaw(Eggers&Vilermaux,
2008)
h0(z)= 1+2zgU2
−1/4
R. (2.4)
Inthemeniscusregionneartheinjector,thebasicﬂowcanbeestimatedper-
formingastaticbalancebetweenthegravityandcapilaryforces.Ifthecurva-
tureisapproximatedbyC∼1/R,thelatterbalanceprovides
h0(z)= 1R+
ρgz
σ
−1
. (2.5)
2.2.1.2 Perturbedﬁeld
Themassandmomentumequationsfortheperturbedﬁeldsh1(z,t)andu1(z,t)
areobtainedbylinearizingequations(1.9)-(1.11)aroundthebaseﬂowdescribed
byequation(2.3). Thelinearizationisdonebypluggingthedecomposition
(2.1)into(1.9)-(1.11),expandinginTaylorseriesandkeepingonlyO()terms.
Sincethebaseﬂowisnon-paralel,perturbationsaregovernedbyapairoflinear
partialdiﬀerentialequationswithvariablecoeﬃcients,namely
∂h1
∂t=
−u0
2 h1−u0
∂h1
∂z−h0u1−
h0
2
∂u1
∂z, (2.6)
∂u1
∂t+u0
∂u1
∂z+u0u1=−
σ
ρ
∂C
∂z+
3ν 2u0h0
∂h1
∂z+
∂2u1
∂z2 +
2h0
h0
∂u1
∂z−
2u0h0
h20 h1 , (2.7)
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whereh0,h0,h0,h0,u0andu0correspondtothesteadybaseﬂowandits
axialderivatives,andthelinearizedaxialderivativeofthemeancurvatureis
∂C
∂z=
2h0
h03 1+h20
+ h0h0h20(1+h20)3/2
h1+

 −1
h02 1+h02
+
−h0h0+h0
2
h02
(1+h02)3/2
+3
h02h0h0 +h0h0+h20
(1+h20)5/2 −
15h20h20
(1+h20)7/2

 ∂h1∂z+
−h0
h0(1+h20)3/2
+ 6h0h0(1+h20)5/2
∂2h1
∂z2 −
1
(1+h20)3/2
∂3h1
∂z3. (2.8)
2.2.2 Localstabilityanalysis
Inalocalanalysis,itisassumedthatthescaleofperturbationsislocalyneg-
ligiblecomparedtothecharacteristiclengthofspatialevolutionofthejet,
λ ∆Zc.Therefore,eachwavelengthcanbestudiedconsideringthatthebase
ﬂowupstreamanddownstreamofitremainsconstant.Undertheseconditions,
paralelstabilityanalysiscanbeperformedateachstation,obtainingalocal
dispersionrelationforthepair(ω,k).
Inthissectionwepresentaquasi-paralelformulationwhichconsitsofderiving
adispersionrelationwherenon-paraleltermsarekeptandperformingalo-
calspatialanalysis.Althoughthisapproachisnotvalidforstronglystretched
jets,itisusefultogainunderstandingabouttheaxialevolutionofsmaldis-
turbances.Thedetailsofthespatialanalysiscanbeconsultedindetailinthe
MasterThesisbyConsoli-Lizzi(2012).
2.2.2.1 Localdispersionrelation
Thelocalapproachisbasedonperturbingthesolutiontoequations(1.9)-
(1.11),andassumingnormal modesofthetraveling-waveform(h1,u1) =
(ˆh1,ˆu1)ei(kz−ωt),toobtainadispersionrelationthatincludesnonparalelterms.
Theevolutionoftheamplitudeofdisturbancesistrackedbylocalycomputing
andintegratingthespatialgrowthrate.
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Thesteadybasicﬂowh0(z),u0(z)isobtainedbysolvingequations(2.2)-(2.3).
Theamplitudeofradiusandvelocitydisturbanceshˆ1,ˆu1canberelatedusing
themassconservationequation(2.6),
uˆ1=hˆ1iω−u0/2−u0ikh0+h0/2ik . (2.9)
Thenormalmodesassumptionarealsointroducedinthemomentumequa-
tion(2.7),andaftersubstitutingequation(2.9)andeliminatingthecommon
exponentialfactor,thefolowingdispersionrelationisobtained,
D(ω,k)=−σρ



 2h0
h03 1+h02
+ h0h0
h02 1+h02
3/2

+

 −1
h02 1+h02
+ −
h0h0+h0
2
h02
(1+h02)3/2
+3
h02h0h0 +h0h0+h02
(1+h02)5/2
−
15h02h02
1+h02
7/2

ik−

 −h0
h0 1+h02
3/2+
6h0h0
1+h02
5/2

k2+
ik3
1+h02
3/2

+6νu0(−h0+ih0k)h02 +
iω−1/2h0−iu0k
h0+1/2ih0k
−u0+i6νh0h0−u0 k+iω−3νk
2 =0, (2.10)
Thisdispersionrelation(2.10)presentsfourspatialmodes,justliketheone
obtainedfromLee’sone-dimensionalformulationforaninviscidliquidjet(Lee,
1974),whichreads
DLee(ω,k)=k4−k
2
R2+2ω
2ρ
Rσ=0, (2.11)
butincontrasttothelatterdispersionrelation,(2.10)includesnon-paraleland
viscouseﬀects.
Infact,wehaveveriﬁedthatthedispersionrelationderivedbyGuerreroetal.
(2012)fromaviscousLeemodel,
DvLee(ω,k)=−Rσρk
4−6iνk3+k2 σRρ+6iνω+2U
2 −4Ukω+2ω2=0,
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(2.12)
canberetrievedfromthedispersionrelation(2.10).InConsoli-Lizzi(2012),
alocalformulationofthedispersionrelation(2.10)wasproposed:localchar-
acteristicscalesbasedonthebasicﬂowwereadoptedforboththeperturbed
radiusandvelocity,namelyzc=h0(z)anduc=u0(z),andasaresultthe
localvaluesofthedimensionlessparametersWel(z) =ρh0(z)u0(z)2/σand
Ohl(z)=ρgh0(z)2/σnaturalyarise. Also,foraclearerinterpretationofthe
non-paralelterms,weadoptedadiﬀerentscaleforaxialvariationsofthebase
ﬂow,inwhichspatialderivativesofh0(z)andu0(z)wereoforderunitydue
tothebalancebetweeninertiaandgravity.TheuseofthescalingZc=U2/g
whichaccountsforaxialvariationsresultedintheintroductionofdiﬀerentpow-
ersoftheBondnumberBo=ρgR2/σinthenon-paralelterms.Forinstance,
whenintroducingdimensionlessvariablesindicatedwithsuperscript∗,aterm
withh0=Bo2/We2h∗0 appears,whichvanishesinthecaseoftheparalelbasic
ﬂowdescribedbyequation(2.12).
2.2.2.2 Stabilityanalysis
Fourspatialmodessatisfythedispersionrelation(2.10),asshowninFigure
2.1(a)foraslenderjetwithν=1cSt,R=1mmandQ=1.6ml/s.Among
thesemodes,thedominantcapilarymode(Guerreroetal.,2012)representedas
solution3inFigure2.1isresponsibleforthebreak-upofthejet.Itcanbeiden-
tiﬁedatthenozzleexitasthebranchofdimensionlessk∗(ω∗)with (k∗)<0
forω∗∼1and (k∗)>0,wherek∗=kRandω∗=ωtσifOh 1orω∗=ωtµ
ifOh>1.
Asthebasicﬂowstretchesdownstream,thedispersionrelationanditssolu-
tionsvarywiththeaxialcoordinate.Givenafrequencyω,aNewton–Raphson
methodimplementedonanadaptivespatialmeshwithaseedvaluegivenby
thethreelasteigenvaluesenablesthetrackingofthedominantcapilarymode
alongthejet,asdisplayedinFigure2.1(b).Noticethatthemaximumgrowth
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ratedecreasesandmovestolargerfrequenciesastheaxialcoordinateincreases.
Thisisduetotheincreaseinthelocal Webernumberastheﬂowaccelerates,
Wel(z)=Weh∗0(z)−3.
Sincethegrowthrateofperturbationsdependsonz
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Solution 3
Solution 4
(a) (b)
z[m]
,itisnecesarytointegrate
Figure2.1: Solutionstothedispersionrelation(2.10).(a)Visualizationinthe
complexk∗planeofthefourspatialbranchesofthedispersionrelationforω∗∈[04]at
theinjectorexitz=0.Solution3isthedominantcapilarymode.(b)Dimensionless
spatialgrowthrate− (k∗)asafunctionoffrequencyω∗,showingtheevolutionof
thedispersionrelationatdiﬀerentaxialpositionsz.
alongthejettoobtaintheevolutionofthedisturbanceamplitude.Foragiven
frequency,thegainGisdeﬁnedas
G(z)=
z
0
− (k)dz (2.13)
AspointedoutbyFrankel& Weihs(1985)inatemporalsetting,modesthat
areinitialydampedbecomeunstableastheypropagatedownstream,growing
quicklyinaﬁrststageanddeceleratingafterwards.Figure2.2(a)revealsthat
modeswithlargerwavelengthtravelalongerdistancebeforepresentingamax-
imumgrowthrateandaresubjecttoitforalongertime. Asaresult,their
accumulatedgainovercomesthatofmodeswithshorterwavelength.Break-up
takesplacewhenacertaincriticalgain,Gc,isreached. ThevalueofGcis
deﬁnedbytheinitialamplitudeduetothenoiseoftheexperimentalfacility,
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/R,anddecreaseswiththedistancetotheinjector,astheradiusofthejetis
reduced.AtthestationLbwherethebreakupoccurs,thecriticalgainis
Gc(Lb)=ln h0(Lb) =ln R +ln h0(Lb)R (2.14)
Inotherwords,asshowninFigure2.2(b),breakupisproducedbytheﬁrst
globalfrequencyωbwhoseaccumulatedgainreachesthecriticalvalueforthe
smalestpossibleaxialcoordinate.
Notethatintheexampletreatedwiththislocalapproach,unlikethenatu-
ralbreak-upwhichwestudyexperimentaly,thecontactlinedoesnotremain
pinnedattheinjectorwalbutexhibitsﬂuctuationsofamplitude /R
0 100 200 300−0.02
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z[-]
-
(k∗
)[-
]
0 100 200 3000
2
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G[-
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1130
ω[rad/s]
(b)(a)
,adeﬃ-
ciencyofthemodelthatwilbeovercomebytheglobalapproachpresentedin
section2.2.3.
Figure2.2: Growthofdisturbancespredictedbythelocalanalysisfordiﬀerent
frequenciesω.(a)Spatialevolutionofthedimensionlessgrowthrate− (k∗).(b)
SpatialevolutionoftheaccumulatedgainG(solidlines)andofthecriticalgainGc
(dashedline)whenGc(0)=8. BreakuptakesplaceatLb=0.1mforωb=870
rad/s.
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2.2.2.3 Limitationsofthelocalanalysis
Inalocalanalysis,eachwavelengthisstudiedconsideringthatthebaseﬂow
upstreamanddownstreamofitremainsconstant.Forexample,Aminietal.
(2013)usedaweaklynon-paralelapproximationandjustiﬁedtheirapproach
byintroducingadimensionlessparameterγthatmeasuresthedegreeofnon-
paralelism,verifyingthatitsvalueremainedsmalerthanone.Theparameter
γcomparesthestreamwiseinhomogeneitiesofthemeanﬂowandthewave-
lengthoftheinstability,γ= λu0/(du0/dz). However,theyindicatethatforjets
withBo∼1andWe<5,γiscloseto1.Thisisthecaseformanyoftheexper-
imentscarriedoutinthisThesis,wherethereforetheparalelassumptionsare
notvalid.Theslendernessofatypicalbasicﬂowanalizedinthepresentwork,
inparticularBo=1.8andWe =0.02,isilustratedinFigure2.3. Closeto
theinjector,thewavelengthofdisturbanceswithω=100rad/sisofthesame
orderasthecharacteristiclengthatwhichtheradiusofthebasicjetevolves
axialy,∆Zc= h0dh0/dz
λ/∆Zc
0.4
0.6
0.8
1
.
Figure2.3:Steadyjetofliquidwithν=50cStissuingfromatubewithR=2mm
atQ=0.2ml/s.Isocontourscomparingthecharacteristiclengthofperturbationsλ
withthecharacteristiclengthatwhichtheradiusofthejetevolvesaxialy∆Zc.The
frequencyofdisturbancesisω=100rad/s.
Althoughparalelassumptionsarevalidsuﬃcientlyfarfromtheinjector,this
approachisnotabletoproperlydescribetheevolutionofdisturbancesinthe
nearﬁeld.Itcanbeanticipatedthatasubstantialdampingoftheiramplitude
occursinthisregion,aneﬀectthatisnotproperlycapturedwhenlocalycom-
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putingthegrowthrateofthedominantcapilarymode.InjetswithBo∼O(1),
frequencieswhichinducebreakupcorrespondtoinitialyshort,stablewave-
lengths,whichincreasetheirlengthastheymovedownstream.Indeed,wehave
performedalocalanalysisforseveraljetswithBo∼1andWe>1,adopting
thenegativespatialgrowthrateobservedforthedominantcapilarymodein
thisregion.Predictionsarisingfromthisapproacharequestionable,sincefor
aﬁxedinitialamplitudeofdisturbances,/R,calculationssuggestthatthein-
tactlengthdecayswhenWeincreases,incontrasttoexperimentalobservations
(Consoli-Lizzi,2012).
RegardingtheformulationbyJavadietal.(2013),theyresorttoanoptimiza-
tionofboththefrequencyandspatialoriginofdisturbances.Inparticular,the
optimalinitialpositionwasfoundintheworkofJavadietal.(2013)tostrongly
dependonthevaluesofthecontrolparameters,aconclusionthatrisesdoubts
astothevalidityoftheunderlyingtheory.
2.2.3 Globalfrequencyresponseanalysis
Inaglobalapproachthespatialshapeofthedisturbanceiscomputedaspartof
thesolutionthroughalinearfrequencyresponseanalysis.Here,theevolution
ofdisturbancesisaddressedastheoutputofthejettotheinputgivenbythe
forcing. Thediﬀerenttoolsavailableforperforminganinput–outputanalysis
werereviewedbyBagherietal.(2009),whoexemplifytheprocedurewiththe
Ginzburg–Landauequation.Itisusualinanon-modalanalysistodescribethe
behaviorofthesolutionq(t)usingthestate-spaceformulation,
dq
dt=Aq(t)+Bu(t),
y(t)=Cq(t),
q(0)=q0, (2.15)
whereAistheoperatorcontainingthediscretizedgoverningequations,Band
Carematriceswhichgovernthetypeandlocationoftheinputu(t)andoutput
y(t),andtheinitialconditionisq0.Theformalsolutiontothesystem(2.15)
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hastheform
y(t)=CeAtq0+C
t
0
eA(t−τ)Bu(τ)dτ (2.16)
wheretheﬁrsttermintheright-handsideisthehomogeneoussolution,andthe
secondcorrespondstheparticularsolutionarisingfromtheforcingBu(t).Ifan
initialconditionq0=0isadopted,aninput-outputrelationisretrievedwhich
describesthetransferbehaviorofaninputsignalu(t)asitpassesthroughthe
linearsystemgivenbytheoperatorA.
Inthecasewherethefrequencyresponsetoapurelyharmonicforcingisex-
amined,theinputhastheformu(t)=eiωt. AssumingthattheoperatorA
correspondstoaglobalystablestateandt→∞,equation(2.16)yields
y(t)=|G(iω)|e(iωt+ϕ) (2.17)
wherethetransfermatrixisG(iω)=C(iωI−A)−1B.Sincethesystemislin-
ear,theoutputpresentsthesamefrequencyastheinput,ω,withaphaseshift
ArgG(iω)andanamplitude|G(iω)|. Therefore,inthisanalysisthetransfer
functionG(iω)fulydescribestheinput-outputbehaviorofthesystem.
Todescribethelinearizeddynamicsofthejet,weusetheequations(1.9)-
(1.11)supplementedwithaforcingoftheexitvelocityofsmalamplitude
andapinnedcontactlineattheinjector.Theﬂowisaccordinglydecomposed
intoasteadybasejetplusO()disturbances,[h(z,t),u(z,t)]=[h0(z),u0(z)]+
[h1(z,t),u1(z,t)]. Denotingtheperturbedﬁeldsφ(z,t)=[h1(z,t),u1(z,t)],
thefrequencyresponseofthejetcanbeobtainedbysolvingthelinearPDE
system
∂φ
∂t=Aφ, φ(0,t)=e
iωt. (2.18)
foragivenrealfrequencyω. Ascorrespondstoalineartheory,itisassumed
thatdiﬀerentfrequenciesoftheinputdonotinteractandcanbeanalyzedsep-
arately.Inequation(2.18),theoperatorAcontainsthegoverningequations
linearizedaroundthesteadybaseﬂow. Thelarge-timeresponseofthesys-
tempresentsthesamefrequencyastheinput,φ(z,t;ω)=φˆ(z;ω)eiωtwhere
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φˆ(z;ω)=[ˆh1(z;ω),ˆu1(z;ω)],withthespatialstructureoftheresponseformaly
givenby
φˆ(z;ω)=(iω˜I−A˜)−1b, (2.19)
whereφˆ(z;ω)iscomplex,theamplitudeofperturbationsbeinggivenbyits
modulus.TheoperatorsI˜andA˜,andthevectorb,incorporatetheboundary
conditionsatz=0.
Whenstudyingthenaturalbreak-upofajet,itwasassumedinthepresent
workthatalfrequenciespresentthesameinitialamplitude,andthus|ˆφ(z;ω)|
iscalculatedforseveralfrequencies.TopredictthepositionLbatwhichpinch-
ingoccursaswelasthemostampliﬁedfrequencyatthataxiallocation,ωb,
theamplitude ofperturbationsattheinjectormustbeknown.Thebreak-up
ofthejetisconsideredtotakeplaceatthepositionwheretheamplitudeof
disturbancesequalsthelocalradiusofthejet, |h1(z=Lb;ωb)|=h0(z=Lb),
forthesmalestpossiblevalueofLb.
Theradiusofthesteadybaseﬂowh0(z)isdescribedbythenonlinearequation
(2.3). Toobtainanumericalsolution,thespatialderivativesinthenonlinear
boundaryvalueproblemarediscretized.Thisisaccomplishedresortingtodif-
ferentiationmatrices,whicharederivedfromthespectralcolocationmethod
describedbyRubio-Rubioetal.(2013).Thediscretederivativeoperatorsused
inourworkarebasedontheﬁrst,secondandthirdorderChebyshevinter-
polants,D1,D2andD3,accordingtothesubroutinesdevelopedby Weideman
&Reddy(2000). Thediﬀerentialproblemistherebyconvertedtoamatrix
problem,whichissolvedtoﬁndapproximationstothefunctionvaluesatthe
colocationnodes.SincetheChebyshevintervalisy∈[−1,1],itismapped
ontothephysicaldomainz∈[0,L]accordingtothetransfromation
z= βL(1+y)2β+L(1−y), (2.20)
whereβisaclusteringparameterwhichisdeterminedtooptimizetheaccuracy
ofthemodel. Typicalvaluesofβincreasewiththedimensionlesslengthof
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thephysicaldomain,β≥0.6L. Asaresultofthemetricsintroducedbythe
mapping,derivativesinphysicalspacemustbeobtainedapplyingthechainrule
(Rubio-Rubioetal.,2013),
∂
∂z=
∂y
∂zD1,
∂2
∂z2=
∂y
∂z2D1+
∂
∂z
2
D2
∂3
∂z3=
∂3y
∂z3D1+3
∂2y
∂z2
∂y
∂zD2+
∂y
∂z
3
D3. (2.21)
Thenumberofcolocationpoints,N,wasdeterminedbythedimensionless
lengthofthedomainandtheslendernessofthejet,withtypicalvaluesN≥
1.4L. LargervaluesofN arenecessarywhenthejetapproachesthejetting-
drippingtransition,orwhenthestabilityofdisturbancesoffrequencieslarger
than500rad/sisstudied.
Toobtainasolutionforthebaseﬂow,aniterativeNewton–Raphsonmethod
isimplemented,knowingthatthisapproachprovidesexcelentagreementwith
experiments,asdemonstratedbyRubio-Rubioetal.(2013).Sinceanonlinear
diﬀerentialfunctionalN operatesonh0,alinearoperatorLactingon∆h0is
introduced,sothatN[h0]+L[∆h0]=0.TheproblemisdiscretizedandLis
formulatedasamatrixM,
M =U2R4 2h30D
1−6h0h40I +
σ
ρh
20
4
i=1
s2i−1Ti+2gh0I+
6UR2ν 2h0h2D
1−2h
20
h30I−
1
h0D
2+h0h20I , (2.22)
whereIistheidentityoperatorandDn =dn/dznisthen-thaxialderiva-
tiveoperator.Curvaturetermsarethosealreadypresentedinequation(2.8).
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Thereforeinequation(2.22)wehaves(z)=[1+(h0)2]−1/2and
T1 = 1h20D−
2h0
h30I, (2.23)
T2 = D3+h0h0D
2− (h0)
2
h20 +
h0
h0 D−
h0h0
h20 I, (2.24)
T3 = −6h0h0D2−3 (h0)
2h0
h0 +(h0)
2+h0h0 D, (2.25)
T4 = 15(h0)2(h0)2D. (2.26)
Whensolvingthebaseﬂow,theseedsolutionatthecolocationpointszisgiven
byTorriceli’slaw(2.4),andateachstepanincrement∆h0n=−M\N[h0n−1]
isaddedtotheprevioussolution,iteratinguntiltheresidualofequation(2.3)
isbelowapredeﬁnedtolerance.
Oncethesteadybasicsolutionh0(z)isobtainedattheNChebyshevcoloca-
tionpoints,thediscreteaxialvelocityu0(z)isobtainedusingequation(2.2),
andspatialderivativesarecalculatedresortingtothediﬀerentiationmatrices
Di.
Regardingtheperturbedﬁeld,theproblemisformulatedalsoinmatrixform.If
thevectorφ(z,t)=[h1(z,t),u1(z,t)]andthematrixAcontainingthegoverning
equations(2.6)-(2.8)areintroduced,thelinearizedsystemreads
∂
∂t

h1
u1

=

Ach Acu
Amh Amu



h1
u1

, (2.27)
wherethelineardiﬀerentialoperatorsare
Ach = −Qh20D+
Qh0
h30 I, (2.28)
Acu = −h02D−h0I, (2.29)
Amh =
4
i=1
s2i−1Ti−12νQ h0h40D−
(h0)2
h50 I , (2.30)
Amu = 3ν D2+2h0h0D −
Q
h20D+
2Qh0
h30 I. (2.31)
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Boundaryconditionshavetobeincorporatedin(2.19)tocalculatethespatial
structureoftheresponse.Inparticular,asexplainedbefore,intheexperiments
thatweredescribedwithequation(2.27),weconsideredtheevolutionofdistur-
bancesthatconsistofﬂuctuatingvelocitywhilethecontactlineremainspinned,
andthereforetheonlynon-zeroelementofbcorrespondstou1(0,t)=1.Once
numericalvaluesofu1(z,t)andh1(z,t)aresolved,theyhavetobeaccordingly
multipliedbythedesiredinputamplitude.Sincethislinearizedproblemuses
theChebyshev’sdiscretizationscheme,thecomputationofφˆ(z;ω)isconve-
nientlyreducedtothesolutionofaninhomogeneouslinearsystem,constituting
averyeﬃcientproceduretoobtaintheevolutionofsmaldisturbances.
2.3 Experimentalset-up
Theaimoftheexperimentalcampaignistoperformaparametricalstudyto
assesstheeﬀectoftheliquidviscosity,theinjectorsizeandtheﬂowrateon
thenaturalbreak-upofgravitationalystretchedjets.Jetsaregeneratedusing
siliconeoilswithkinematicviscositiesof50,100and200cSt,injectedthrough
tubeswithdiametersrangingfrom2.5to7mm.Imagesofthebreak-upare
acquiredwithahigh-speedcameraandanalyzedwithahome-madededicated
MATLABR script.
Theexperimentalset-upwasdesignedtominimizedisturbancescomingfrom
theambientandthefacility,althoughtheenergydistributioncannotbeguar-
anteedtobeuniformlydistributedamongalfrequencies.Despitethefactthat
themeanvelocityremainsconstant,theambientnoiseintroducessmalﬂuctu-
ationsattheinjector,whilethecontactlineremainspinned. Themeanﬂow
rateatwhichtheﬂuidisinjectedisclosetothejetting-drippingtransitionto
obtainabasicﬂowwithapronouncedmeniscusclosetotheinjector.
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2.3.1 General set-up
A sketch of the experimental facility is shown in Figure 2.4. It was originaly
designed and built for the present study. To minimize external disturbances
such as vibrations and air currents, the injection system is placed on a leveled
vibration isolation table, inside a PMMA chamber. Inside the chamber, a pole
gives support to the injector, guaranteeing the verticality of the tube while
alowing regulation of the height at which it is placed. A Harvard Apparatus
PHD Ultra Syringe Pump (A) alows the selection of the ﬂow rate and impulses
the ﬂuid through a 4mm Legris tube. The silicone oil exits the injector (B) and
accelerates under gavity, resulting in a stretched jet which breaks up downtream.
A high-speed camera (C) acquires images of the break-up region at 1000 Hz,
which are recorded using a computer (D). The images are later analized with a
MATLABR script in order to obtain the temporal evolution of the intact length
and radius of the jet, as wel as the volume of the detached liquid droplets.
B
A
CD
Figure 2.4:Scheme of the experimental facility used to study the natural break-up.
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Materials TheliquidjetsaregeneratedusingSigma-Aldrichsiliconeoilsin-
jectedthroughstainlesssteelTubcatubes.Thematerialshavebeenselectedto
assesstheinﬂuenceofviscosityandsizeoftheinjector,andarelistedinTables
3.1and3.2.
ThetubesarenamedaftertheirouterdiameterDo.However,onlytheirinner
diameterDiisrelevanttotheﬂow,sincethewaloftheinjectorsaretrimmed
attheirendtoensurethepinningofthecontactlineattheinnerradius.The
tubelengthliissuﬃcientlylargetoguaranteeafulydevelopedPoiseuileve-
locityproﬁleattheoutlet.
Althoughtheworkingﬂuidscoverawiderangeofkinematicviscosities,they
presentsimilardensitiesandsurfacetensions.Themaximumforcethatthesy-
ringepumpcanexertlimitedtheupperviscosityvaluetoν=200cSt,avalue
forwhichﬂowratesQ≤0.6ml/scouldbeinjected.Theambienttemperature
duringtheexperimentswas25.0±2.3oC,sothattherelativevariationsin
viscositywerealwaysbelow2%.Itshouldalsobenotedthattheviscosityof
theliquidswastoosmalforrecoilingtobeobservedafterthebreak-upevents.
ν[mm2s−1] ρ[kgm−3] σ[mNm−1]
50 960 20.8
100 965 20.9
200 970 21.1
Table2.1: Propertiesat25oCofthesiliconoilsusedintheexperiments.
De[mm] Di[mm] li[mm]
2.5 2 170
4.5 4 225
6 5.5 225
7 6.5 225
Table2.2: Dimensionsoftheinjectorsusedusedintheexperiments.
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2.3.2 Experimentalprocedure
Thebasicﬂowineachexperimentisdeterminedbythekinematicviscosityof
theﬂuidν,theinjectordiameterDiandtheconstantﬂowrateQ. Thelat-
terwasimposedusingthesyringepump,afterverifyingthattheadvanceof
thepistondidnotintroduceenergyinanunstablefrequency. Wecheckedthis
experimentalybysubstitutingthepumpbyapressurizedchamberandincor-
poratingfusestothefeedinglinetocontroltheﬂowrate,andobservedthatthe
intactlengthsweresmalerthanthoseobtainedwiththesyringepump.Since
ﬂowrateswereclosetothejetting–drippingtransition,animportantfeature
ofthepumpwasthepossibilityofprogrammingtheinjection,startingwith
aconstantﬂowratewhichwaslinearlydecreaseduntilthetargetvaluewas
reached.Thiswasessentialinthecaseofjetswiththelowestvelocities,where
itwasmandatorytoﬁrstinjectahigherﬂowratetogeneratethejetandthen
reduceittothedesiredvalue.Thisisrelatedtothehystereticbehaviorofthe
jetting–drippingtransitionathighBondnumbers(Clanet&Lasheras,1999;
Rubio-Rubioetal.,2013;Rubio-Rubio,2016). Moreover,itwastoilsomein
thecaseofthetubeswithhighestdiametertoguaranteethatcapilaryforces
preventedtheambientairfromenteringtheinjectorwhentheexperimentwas
stopped.Therefore,higherinitialﬂowratesweredemandedforlargertubesto
getridofthebubblesbeforeperformingvalidmeasurementsofthejetbreak-
up.
Oncethejetwasestablished,theheightoftheinjectorwasregulatedtolo-
catethebreak-upregionwithinthescopeofthehigh-speedcamera. Thejet
understudywasuniformlyiluminatedwithbacklightingandalightdiﬀuser.
Typicaly,imageswereacquiredduring5sat1kHz. Thelattervalueofthe
temporalresolutionwaschosenduetothefactthatthehighestobservedinter-
facialdisturbancefrequencieswerealwaysbelow200Hz.Twotypesofvideos
wererecorded:Theﬁrsttypeaimedtocapturethetemporalevolutionofthe
instantaneousjetlengthandthedetachmentofdropsandligamentsfromits
downstreamend.Sincethebreak-uplengthpresentedasubstantialdispersion,
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theaxialregionofinterestwaslarge,withalengthusualyrangingbetween
8and15cm. Therefore,asecondtypeofvideowithagreatermagniﬁcation
wasalsorequired,inordertocaptureindetailthetemporalevolutionofthe
jetradiusatseveralselectedstations,andrecordedalong3.5cmintheaxial
directionofthejet. Thesemovieswererecordedslightlyupstream,atadi-
tancefromtheinjectorsmalerthanthebreak-uplength,wheretheamplitude
ofperturbationscouldbeeasilymeasuredtodeterminethefrequencyofthe
dominantdisturbances.
Forgivenvaluesofν,DiandQ,theexperimentswererepeatedaminimumof
threetimes,ensuringtoeliminatetheinﬂuenceofparticularconditionsatthe
laboratory,suchasaccidentalnoiseortemperaturevariations.
Thepostprocessingofthe movieswasperformedwitha MATLABR script
whichwasspeciﬁcalydevelopedforthepresentstudy.Asstatedbefore,inthe
ﬁrsttypeofacquisitionstheaimwastodeterminethetemporalevolutionof
thejetlengthanditsradius,andtocomputethevolumeofthedetacheddrops
andligaments.Tothisend,eachframewasenhancedandanalyzed.Then,the
imagecontourscorrespondingtotheliquid–airinterfaceweredetected,andthe
ﬂuidelementswereclassiﬁedasﬁlament,ligamentsordrops. Thejetlength,
L(t),wasmeasuredineachframeandstored,andwheneveritdecreasedwith
respecttotheprevioustimestep,apinchingeventwasdetectedatadistance
Lb.Inthosecases,theﬂuidelementswhichhadjustdetachedwereidentiﬁedas
dropsorligamentsaccordingtotheiraspectratio,andtheirvolumewascom-
puted.Folowingthisprocedure,theinformationabouttheevolutionofthejet
length,pinchingfrequenciesanddistributionofdropsizesbecameavailable.
Tostudythefrequencyofthemostunstableperturbations,thevideoswith
greaterzoomwereanalyzed. Afterenhancementandcontourdetection,the
localradiuswasstoredasafuntionoftimeatseveralaxialpositions.Subse-
quently,aspectralanalysiswasperformedateachcoordinatetoextractthe
frequencyofthe mostampliﬁeddisturbances. Althoughitwouldhavealso
beeninterestingtostudytheperturbationsclosertotheinjector,theirsmal
amplitudemadethisimpossiblewiththeavailableexperimentalresources.
45
2.Naturalbreak-up
2.4 Results
2.4.1 Experimentalresults
Theexperimentsperformedcovervaluesofthe Webernumberrangingfrom
0.002to3.79,andvaluesoftheBondnumberfrom0.45to4.77.
Letusﬁrstpresenttheresultsofatypicalnaturalbreak-upexperiment.Smal
velocityﬂuctuationscomingfromtheexperimentalfacilityareconvecteddown-
stream,untiltheyproducethepinchingofthejetwhentheiramplitudebecomes
suﬃcientlylarge.Sinceinitialdisturbancesareofsmalamplitude,theassoci-
atedﬂuctuationsofthejetradiuscannotbedistinguishedwithourequipment
closetotheinjector. Therefore,ourobservationsfocusontheregionofthe
jetclosetothebreak-upposition.Figure2.5showsashorttemporalsequence
ofthenaturalbreak-upobservedinourexperimentofajetwithν=50cSt,
Di=6.5mmandQ=0.17ml/s,whichwilhereafterbereferredtoasthe
referencejet.Inthecapturedregion,theamplitudeofdisturbancesisofthe
orderofthelocalradiusofthejet. Thedisturbedinterfacedoesnotpresent
theinitialsinusoidalshapeanymorebutexhibitsmassaccumulationsatcertain
placesalongthejet.Quasi-sphericaldropsareconnectedbythinthreads,afact
thathasbeenpointedoutbymanyauthors(seeEggers&Vilermaux(2008)
andreferencestherein).Break-uptakesplaceattheupperorlowerthroatscon-
nectingthebulgestothethreads,resultinginthedetachmentofdropsand/or
ligaments.Thelattercansubsequentlybreakintoseveralpiecesforhighenough
viscosities,andthenevolveintosmalersatelitedrops(spherules).
Figure2.6showsalongerrecordofthetemporalevolutionofthejetlengthL(t)
forthereferencecase.Itcanbeobservedthatpinchingsoccuratdiﬀerentposi-
tionsLbwithoutaclearpreferredfrequency.Thesedeviationsareexplainedby
thefactthattheexperimentpresentsonlynaturalnoise,andthereforeawide
rangeofperturbationsofseveralamplitudesandwavelengthsgrowsimultane-
ouslyalongthejet,asobservedinFigure2.5.Ligamentsofdiﬀerentlengths,
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Figure2.5: Break-upofthereferencejetforwhichν=50cSt,Di=6.5mmand
Q=0.17ml/s.Top:Shortsequenceofimagesdisplayedat500Hz,atadistanceof
7.1cmfromtheinjector. Thewhiterectangleservesasa1cmlongreference,and
lineshighlightpinchinglengths. Botttom: PlotofthejetlengthL(t),wheredots
indicatepinchinglengthsLb.
comprisingoneormorewavelengths,detachfromthejet.
Againforthereferencecase,Figure2.7presentsatemporalseriesofthevolume
ofthedetachedﬂuidelements.Dropsandligamentsaredistinguishedaccord-
ingtotheiraspectratio:dropsoriginatewhenpinchingoccursjustaboveatip
bulge,andtwotypesofligamentsareobserved,namelythosecomingfroma
valey,inwhichcasethevolumeofthesatelitedropwhichlaterformsissmal,
andthosecomprisingseveralwavelengths,fromwhichoneormorelargerdrops
evolve.Pinchingisirregular,withoutanobservableperiodicityinthevolume
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Figure2.6: TemporalevolutionofthejetlengthL(t)ofthereferencejet. Dots
indicatepinchinglengthsLb.
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Figure2.7: (a)Temporalseriesdisplayingthevolumeofthedetacheddrops(cir-
cles)andligaments(diamonds)forthereferencejet. Thelabeledﬁledmarkersare
ilustratedwithphotographsontheright:(b)isaligamentofsmalvolumeconsisting
ofasinglevaley,(c)isalargerligamentcomprisingseveralwavelengthsand(d)isa
singledrop.
Furtherinformationcanbeextractedfromtheexperimental measurements
whenthepreviousdataregardingthepinchingpositionandvolumesispre-
sentedinthehistogramsdisplayedinFigure2.8.Althoughpresentingalarge
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dispersion,thepinchingpositioninFigure2.8(a)showsthatthelargestnum-
berofbreak-upeventsoccurforLb=0.09m,avaluewhichwilbeusedto
characterizetheexperimentwhenpresentingtheresultsofparametricsweeps.
ThisvaluemustbeaccompaniedbythestandarddeviationofLbtoprovidea
completedescriptionofthebreak-uplength.ItcanalsobeobservedinFigure
2.8(a)thatthedistributionisnotsymmetric,presentingaslightlywiderrange
ofbreak-uplocationsupstreamofthemostrepeatedpinchingposition. We
haveobservedthatfornaturalbreak-upexperiments,themeasuredLbcanbe
ﬁttedtoa Weibulprobabilitydensityfunction,
f(x|a,b)=ba
x
a
b−1e−(x/a)b, (2.32)
wherescaleparameteraandthedimensionlessshapeparameterbarepositive.
Inparticular, Weibulparameterstakethevaluesa=0.089mandb=12.2for
theﬁtdisplayedasasolidlineinFigure2.8(a). AsilustratedinFigure2.9,
the WeibulprobabilitydensityfunctiondescribesthedistributionofLbinthe
naturalbreak-upofdiﬀerentstretchedjets.
Regardingthedetachedvolumes,Figure2.8(b)revealsthatligamentspresent
alargedispersion.However,apeakinthehistogramisobservedforthesmal
volumeswhichcorrespondtothedetachmentofasingleliquidbridgebetween
twobulges,whichcorrespondstotheeventshowninFigure2.7(b). Onthe
otherhand,Figure2.8(c)showsthatthevolumeofsingledropspresentsless
dispersion.Nevertheless,itisclearfromFigures2.8(b)and2.8(c)thatthenat-
uralbreak-upofgravitationalystretchedjetsisnotsuitableformonodisperse
dropproduction,andthatforcingthejetisnecessarytoreachthisobjective,
asstudiedinChapter3.
Letusnowassesstheeﬀectofvariationsoftheparametersonthebreak-up
dynamics. Westilpresentasareferencecasethejetwithν=50cSt,Di=6.5
mmandQ=0.17ml/s.Toeasevisualcomparisonwithotherconﬁgurations,
afragmentofthetemporalseriesofL(t)andphotographsofselectedconsec-
utivebreak-upeventsisshowninFigure2.10. Whentheinjectedﬂowrate
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Figure2.8: Histogramsofparameters measuredinthenaturalbreak-upofthe
referencejet.PinchinglengthLb
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Figure2.9: HistogramsofthepinchinglengthLb,includinga Weibulﬁt(solid
line)fordiﬀerentjets:(a)Jetwithν=50cSt,Di=6.5mmandQ=0.9ml/s,where
Weibulﬁtparametersare a=0.35mandb=18.1,(b)Jetwithν=50cSt,Di=2
mmandQ=0.17ml/s, Weibulparametersa=0.11mandb=18.7,and(c)Jet
withν=50cSt,Di=6.5mmandQ=0.17ml/s, Weibulparametersa=0.09m
andb=12.2.
Qisincreasedwhilekeepingthesameliquidandinjector,pinchingoccursas
displayedinFigure2.11.Forajetwithν=50cSt,Di=6.5mmandQ=0.9
ml/s,thebehaviorresemblesthatobservedforalowerﬂowrate,buttheintact
lengthincreasesfromLb=0.09mtoLb=0.35m. Whentheﬂuidandﬂow
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rate remain the same but a smaler injector is used, as in the case of a jet with
ν= 50cSt,Di=2mm andQ=0.17ml/s displayed on Figure 2.12, we only
appreciate a slight increment on the pinching length toLb=0.11m. However,
the qualitative behavior presents signiﬁcative changes when the viscosity is in-
creased. In particular, Figure 2.13 for a jet withν= 200cSt,Di=6.5mm and
Q=0.17ml/s shows that the break-up length duplicates with respect to the
reference case toLb=0.19m, while bulges are connected by very thin threads,
a fact which is wel documented in the existing literature (Eggers & Vilermaux,
2008). In this case, it is observed that pinching takes place when these threads
break at several positions simultaneously, originating multiple satelite drops.
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Figure 2.10:Temporal evolution of the lengthL(t)of a jet withν=50 cSt,Di=6.5
mm andQ=0.17 ml/s. Dots indicate selected consecutive pinching events which are
displayed on the right. The scale bar on the photographs is 1 cm long.
The measurements of the break-up lengthLbare presented in Figures 2.14 and
2.15 as a function of the ﬂow rate,Q. The plotted value ofLbis given for
each jet by the most observed value and the associated standard deviation. It
is important to emphasize that these error bars do not correspond to measur-
ing errors or dispersion between diﬀerent realizations under the same nominal
conditions, but refer to the intrinsec ﬂuctuations already discussed for Figure
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Figure 2.11:Temporal evolution of the lengthL(t)of a jet withν=50 cSt,Di=6.5
mm andQ=0.9 ml/s. Dots indicate selected consecutive pinching events which are
displayed on the right. The scale bar on the photographs is 1 cm long.
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Figure 2.12:Temporal evolution of the lengthL(t)of a jet withν=50 cSt,Di=2
mm andQ=0.17 ml/s. Dots indicate selected consecutive pinching events which are
displayed on the right. The scale bar on the photographs is 1 cm long.
2.8(a). Since the data were acquired for several realizations of the same condi-
tions, for simplicity we present the mean values of each parameter.
52
2.4. Results
0 0.1 0.20
0.1
0.2
0.3
0.4
t [s]
L [
m ]
0.3
Figure 2.13:Temporal evolution of the lengthL(t)of a jet withν=200 cSt,Di=6.5
mm andQ=0.17 ml/s. Dots indicate selected consecutive pinching events which are
displayed on the right. The scale bar on the photographs is 1 cm long.
Figure 2.14 shows the dependence of the pinching length with the ﬂow rate and
injector diameter, for two diﬀerent working liquids. For a ﬁxed injector and
liquid, the break-up length increases withQas expected, with a mildly faster
increase close to the critical value ofQassociated with the jetting-dripping
transition. When the ﬂuid rate is kept constant, the use of larger injectors re-
sults in a slight decrease of the break-up length, at a position where, according
to numerical calculations, al unperturbed jets would present very similar local
radi. The eﬀect of varying the working ﬂuid is clearly appreciated in Figure
2.15. Increasing the viscosity raises the break-up length, with a substantial
diﬀerence betweenν= 100andν= 200cSt. Measurements for an injector
ofDi=2mm, shown in Figure 2.15(a) are consistent with the observations
reported by Javadiet al.(2013).
It is essential to interpret these results taking into account the fact that the
relative amplitude of the perturbed speed at the tube ≡u1(0)/u0(0)is not
the same in al these experiments. Higher viscosities are likely to damp noise
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Figure2.14:Break-uplengthLbofunforcedjetsasafunctionoftheﬂowrateQ,
fordiﬀerentinjectordiametersDi.Theworkingﬂuid’skinematicviscosityisν=50
cSt(a)andν=100cSt(b).
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Figure2.15: Break-uplengthLbofunforcedjetsasafunctionoftheﬂowrate
Q,forﬂuidsofdiﬀerentkinematicviscosityν. Theinnerdiameteroftheinjectoris
Di=2mm(a)andDi=6.5mm(b).
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fromthefeedinglineandthereforedecreasetheperturbedspeedu1. Mean-
while,largertubesandlowerﬂowratesreducethebasicspeedu0,increasing
upto10timesinourexperiments.Thisdisparityin concealsthedampingof
perturbationsproducedbyeitheramorepronouncedmeniscusoranincrease
intheliquidviscosity.
Wealsoextractedinformationregardingthefrequencyofdisturbancesrespon-
sibleforthenaturalbreak-up,aparameterwhichhadnotbeenreportedbefore
foraxialystretchedjetsasfarasweknow. Wemeasuredthemostampliﬁed
frequency,ωb,byperformingasignalanalysisonthetemporalevolutionofthe
radiusofthejetatseveralﬁxedpositions.Thetimeserieswereaveragedand
post-processedusingWelch’spowerspectraldensityestimate,usingaminimum
of8Hammingwindowswith50%overlap.Thevalueofωbwasextractedfrom
thedominantfrequencyinthespectrum. Figure2.16(b)isanexampleofa
typicalspectruminwhich,despitethedatapresentingalargedispersion,the
mostampliﬁedfrequencycanbeclearlyidentiﬁed.
Figure2.16(a)presentsthemostampliﬁedfrequencyωbasafunctionofthe
ﬂowrateQforthreediﬀerentﬂuidandnozzlecombinations.Forﬁxedvalues
ofνandDi,increasingQresultsinhighervaluesofωb.Theexperimentswith
ν=50andν=200andthesameinjectorsizeDi=6.5mm,suggestthatfora
ﬁxedﬂowrateωbslightlyincreaseswiththeliquidviscosity. Whencomparing
theseresultswiththoseobtainedwithasmalerinjector,Di=4mm,andan
intermediateviscosityofν=100cSt,theresultsindicatethatωbdecreseswhen
usinginjectorsofsmalerdiameter.
Toensureagoodestimationofωb,wealsoimplementedothermethodologies.
ThepowerspectraldensityofthejetlengthL(t)didnotexhibitclearenergy
peaksatapreferentialfrequency,andwasthereforediscardedasamethodfor
estimatingωb. Anothertechniquetomeasureωbisbasedontheassumption
ofnon-dispersivedisturbances.Speciﬁcaly,sinceinthebreak-upregionthe
local Webernumberishigh,theequationω=ku0canbeusedtorelatethe
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Figure2.16: Frequencyωbofthe mostampliﬁeddisturbancesasafunctionof
theﬂowrateQ(a),forthreediﬀerentﬂowconﬁgurationswheretheviscosityofthe
workingﬂuidνandtheinjectordiameterDiarevaried. Adetailofthe marker
referencedasb,withν=100cSt,Di=4mmandQ=0.6ml/s,isshownin(b),
wherethespectraattwoaxialpositions,z=0.09mandz=0.11m,exhibitpeaks
ofenergyatωb 400rad/s.
frequencyω,thelocalwavenumberkandthelocalbaseﬂowvelocityu0.The
wavelengthλwasobtainedfromphotographsusingahome-madeMATLABR
scriptthatmeasuredthedistancebetweenconsecutivebulges,alowingthees-
timationofthewavenumber,k=2π/λ. Thevelocityofthebasicﬂowu0(z)
wascomputedbysolvingequation(2.3),checkingthatitsvaluewasconsistent
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with the velocity extracted from tracking the bulges advected by the jet. Figure
2.17 ilustrates the use of this technique for a single time step, where for a jet
withν= 50cSt,Di=6.5mm andQ=0.2ml/s the most observed perturba-
tions presentωb= 900rad/s, in agreement with measurements obtained from
the signal analysis ofh(t)explained before. It should be mentioned that the
measurement ofωbfrom the wavelength is not always as robust as performing
the signal analysis of radius ﬂuctuations. Indeed, swelings appear between the
crests of primary disturbances, a nonlinear eﬀect which was experimentaly ob-
served for the ﬁrst time by Rutland & Jameson (1971), and it is diﬃcult to
develop an image analysis routine that is able to distinguish both phenomena
to properly measure the value ofλ.
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Figure 2.17: Estimation of the frequency of the most ampliﬁed disturbances for
the natural break-up of a jet withν= 50cSt,Di=6.5mm andQ=0.2ml/s. Top:
experiment where the wavelengthλis measured. Bottom: numericaly calculated
mean axial speedu0(z). The calculatedωb= 900rad/s.
2.4.2 Results of the global frequency response analysis
A novel global frequency response analysis (GFRA) was implemented to exam-
ine the growth of disturbances of diﬀerent frequencies on stretched jets. After
validating this methodology with local stability theory, we wil present a para-
metric study of the spatial evolution of perturbations, that alows the prediction
of the pinching length and the most ampliﬁed frequency.
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2.4.2.1 Validation
TovalidatetheGFRAweconsiderthecaseofaninﬁniteliquidcylinder,for
whichtheclassicalparalelstabilityanalysiscanbeappliedandwhere,thus,
boththelocalandglobalanalysesshouldyieldidenticalresults.
Figure2.18ilustratesthevalidationforacylindricaljetwithν=50cSt,Q=2
ml/sandDi=2mm.Inthelocalspatialanalysis,thedispersionrelationfora
cylinderderivedbyGuerreroetal.(2012)afterperturbingandlinearizingthe
one-dimensionalequations(1.9)-(1.10)reads
D(ω,k)=k2 σρR2−k
4σ
ρ+ω
22
R−
4Ukω
R +
6νik2ω
R +
2U2k2
R −
6νik3U
R =0.(2.33)
TheinsetinFigure2.18presentsthegrowthrate− (k∗)correspondingtothe
dominantcapilarymodeasafunctionofthefrequencyω∗,obtainedfromequa-
tion(2.33). Themostampliﬁedfrequencyisωb=320rad/s,whichpresents
agrowthrate− (k∗)=0.047.ThemainplotinFigure2.18presentsresults
fromtheGFRA,showingthespatialevolutionoftheamplitudeoftheradius
disturbance,h1(z)fordiﬀerentfrequencies.Afteraninitialregionaﬀectedby
theexitboundarycondition,theampliﬁcationisexponentialinspace,indi-
catingthatthespatialgrowthratebecomesconstantsuﬃcientlyfarfromthe
outlet.Indeed,whentheslopeofh1(z)inthelatterregioniscomparedwith
thegrowthrateintheinsetofFigure2.18,theagreementisperfect.
Ourvalidationstudywasextendedtodiﬀerentliquidviscositiesandjetve-
locities,alwaysﬁndingthatthespatialampliﬁcationpredictedbyouranalysis
perfectlyreproducesthelocaldispersionrelationforanyfrequency.
2.4.2.2 Ampliﬁcationofdisturbances
Tostudytheevolutionoftheamplitudeofinletvelocitydisturbances,letus
qualitativelyexaminetheresultsforthereferencecaseofajetwithν=50cSt,
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Figure2.18: Comparisonbetweenresultsfromaclassicalparalelspatialanalysis
andtheglobalfrequencyresponseofaliquidcylinderwithν=50cSt,Q=2ml/sand
R=1mm. Mainplot:Spatialevolutionoftheamplitudeoftheperturbedradius
h1(z)calculatedusingtheGFRAfordiﬀerentfrequenciesω.Inset: Dimensionless
growthrate (k∗)andfrequencyω∗fromthelocaldispersionrelation,wherethe
characteritictimescaleisgivenbytσ=0.007s.Dotsindicatethegrowthrateobtained
withtheGFRA.
Q=0.2ml/sandR=2mm.
Figure2.19showstheresponseofthejetradiustovelocitydisturbancesof
frequencyω=400rad/sataﬁxedtime. Duetothestretchingeﬀectofthe
baseﬂow,thedisturbancewavelengthincreasesdownstream. Wealsopresent
thespatialevolutionoftheamplitude,whichexhibitsasubstantialdamping
intheregionneartheexit,indicatingthestabilizingeﬀectofstretchingonthe
Plateau-Rayleighinstability. Whenzbecomessuﬃcientlylarge,theelongation
rateofthebasejetbecomestoosmaltostabilizethecapilaryinstability,and
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disturbancesbegintogrowdownstream.Thisstabilizingeﬀectisjustthespa-
tialcounterpartofthetemporalkinematicmechanismdescribedbyTomotika
(1936),wherealiquidcylinderwasuniformlystretched,sothatitsradiusand
thewavelengthofperturbationsarebothafunctionoftime.Suchacylinder
breaksupintodrops,correspondingtoinitialystablewavelengthswhichare
stretcheduntiltheybecomeunstable.
Figure2.19:Responseoftheperturbedjetradiusclosetotheinjector,correspond-
ingtoaninputfrequencyω=400rad/sonthereferencejet. Dashedlinesindicate
thespatialevolutionoftheamplitudeh1,whilethesolidlineistheresponseata
ﬁxedtime, (ˆh1). Atthetop,theradiusofthebasicjeth0alowsvisualizationthe
non-paralelismofthisregionoftheﬂow.
Figure2.20showsthespatialgrowthoftheradiusofdisturbances,h1(z),for
diﬀerentfrequenciesω.Itcanbeobservedthattheamplitudeofperturbations
doesnotpresenttheexponentialdependencefoundinnon-stretchingjets.In
particular,wehavecomparedourresultswiththeasymptotictheoryproposed
bySenchenko&Bohr(2005). Theseauthorsfoundthat|ˆh1|∝expz1/8 as
z→ ∞ inthefree-falregion,aresultindependentofthefrequencyandvis-
cositycontrarytoourexperimentalandnumericalﬁndings. Moreover,incon-
trastwiththeparalelcase,themostampliﬁedfrequencyintheglobalanalysis
varieswiththeaxialcoordinate.Althoughdisturbanceswithhigherfrequencies
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presentlargerinitialdampings,theyareabletogainmoreenergydownstream,
implyingtheexistenceofanoptimalfrequencyωb.
Thedampingnearthemeniscuszonetakesplacebecausemassconservation
requiresanamplitudereductionaccompanyingthestrongelongation,although
forhigherfrequenciesothereﬀects,thathavenotbeenspeciﬁcalystudied,are
responsibleforthenon-monotonicdecayseeninFigure2.20.Alocalinterpre-
tationprovidesinsightontheamplifyingmechanisminthequasi-paralelregion
locatedfarfromthemeniscus,whoseextensionincreasesasthelocalelongation
ratediminishes,and,correspondingly,thelocaly
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Figure2.20: Spatialevolutionoftheamplitudeoftheperturbedradiush1(z)for
thereferencejetfordiﬀerentfrequenciesωandaninitialamplitude =0.01.Break
uptakesplaceatadistanceLb=0.11mwheretheamplitudeoftheoptimalfrequency
ωb=400rad/sequalsthelocalradiusofthejeth0(dashedline).
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NotethatinFigure2.20theamplitudeoftheradiusdisturbanceattheinjec-
torexitiszero,sincevelocityﬂuctuationsoccurwhilethecontactlineremains
pinned. Forafurtherunderstandingoftheprocess,Figure2.21showsthe
ampliﬁcationoftheperturbationvelocity|ˆu1(z)|,normalizedbyitsvalueat
theinjectorexit. Asinthepreviousﬁgure,theinitialdampingofhigherfre-
quenciescanbeclearlyappreciated,andweindicatethepositionzm atwhich
eachfrequencytakesitsminimumvalue. Thisisthedistancetotheinjector
whereitwouldbeoptimaltoinduceadisturbanceofagivenfrequencyinor-
dertominimizetheintactlengthofthejetforthatperturbation. Wehave
alsoplottedforeachfrequencythepositionatwhichperturbationswouldbe
destabilizedaccordingtothelocaltheory,atzdlaccomplishingtheRayleigh
cut-oﬀk(zdl)h0(zdl)=1,assuminganon-dispersivebehaviork(z)=ω/u0(z).
Althoughpartofthedampingcanbeattributedtothefactthathigh-frequency
perturbationsinitialyremainstableuntiltheyaresuﬃcientlyelongated,the
diﬀerencebetweenzm andzdl,whichisdiﬀerentfordiﬀerentbasicﬂows,in-
dicatessomeadditionalstabilizationisprovidedbythemeniscus. Higherfre-
quenciesdonotonlypresentlargerdamping,butthepositionzm islocated
furtherdownstream.InFigure2.21wealsoindicatethepositionatwhichdis-
turbancesrecoverunitaryamplitude,zr,whichcanbeinterpretedasthedelay
inthegrowthduetothepresenceofthemeniscus,andwhichhasbeenden-
tiﬁedinthepresentThesisfortheﬁrsttime. AsinFigure2.20,weobserve,
inagreementwiththeworkofFrankel& Weihs(1985),thatalthoughshorter
wavelengthsstarttogrowlater,theypresentlargermagniﬁcationsuﬃciently
fardownstream.
2.4.2.3 Parametricstudy
Theampliﬁcationpredictedbylineartheorydoesnotextendindeﬁnitely,since
thenonlinearityeventualybecomesimportantwhentheperturbationgrows.
However,sincethegrowthisapproximatelyexponential,theseﬁnalstagestake
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Figure2.21:Spatialevolutionofthenormalizedamplitudeoftheperturbedaxial
speed|ˆu1|(z)onthereferencejetfordiﬀerentfrequenciesω.Foreachfrequency,dots
indicatethepositionatwhichminimumandunitaryamplitudearereached,zm and
zr.Verticaldottedlinesindicatethepositionatwhicheachfrequencyisdestabilized
accordingtoalocalanalysis.
placefarfromthenozzle,justifyingalinearapproachtoestimatetheposition
atwhichbreak-upoccurs(Kalaajietal.,2003).TheresultsoftheGFRAshown
inFigure2.20predictthebreak-uptooccuratzb=0.11mforωb=400rad/s
whenalfrequenciespresentthesameinitialamplitude =0.01.However,itis
importanttonotethatbreak-upcouldbeduetootherfrequenciesiftheinitial
amplitudeswereunevenlydistributed.ThisinformationispresentedinFigure
2.22(a),wherethebreak-uppositionLbisshownasfuntionofωfordiﬀerent
valuesof .Foraﬁxedvalueof,theminimumbreak-uplengthisobtained
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fortheoptimalfrequency,butslowlyincreasesforlargerω,suggestingthatthe
dependenceofLbonωisratherweak.Itcanalsobeobservedthatagiven
valueofLbcanbeattainedwithdiﬀerent(ω,)combinations,providedthat
theenergydistributionofperturbationsofdiﬀerentamplitudesisnoteven.
Whentheexperimentalfacilitypresentswhitenoise,largervaluesof
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break-upoccuringclosertotheinjectorduetolowerfrequencies,asshownin
Figures2.22(b)and2.22(c).
Figure2.22:(a)Dependenceofthebreak-uplengthLbofthereferencejetonthe
frequencyω,fordiﬀerentinitialamplitudesofdisturbances.Foreachvalueof,dots
indicatetheoptimalfrequency.(b)Optimalfrequencyωband(c)break-uplengthdue
toωb,asfunctionsof.
TheresultsoftheGFRAalsoalowtoassesstheeﬀectofvaryingtheﬂow
conﬁgurationonthespatialevolutionfortheamplitudeofdisturbances.Let
usﬁxthefrequencyofdisturbancesatω=400rad/s,andstudyitsevolution
onthereferencecase,withν=50cSt,Di=2mmandQ=0.2ml/s,which
isplottedascaseAinFigure2.23. First,weexaminetheeﬀectofinjecting
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adiﬀerentﬂowratebycomparingittotheampliﬁcationonalessslenderjet
withν=50cSt,Di=4mmandQ=0.9ml/s,presentedascaseBinFigure
2.23.ForlargerQthepositionatwhichdisturbancesbegintogrow,zm,moves
downstream,andthegrowthratealsodecreases.Inthiscase,perturbationsare
advecteddownstreamfaster,andthereforeexperienceboththeinitialdamping
anddelayedgrowthforashortertime.IncaseQandνarekeptasinthe
referencecase,buttheinjectordiameterisincreasedtoDi=6.5mm,caseC
inFigure2.23,theregionclosetotheinjectorwheredampingoccursisalso
enlarged. Finaly,whenQ=0.2ml/sandDi=2mmandwecomparethe
ampliﬁcationonjetsgeneratedwithν=50andν=200
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respectively,weobservethat,asexpected,ahigherviscositydelaysthegrowth
ofdisturbances.
Figure2.23:Spatialevolutionofthenormalizedamplitudeoftheradiusperturba-
tion,|ˆh1|(z),fordiﬀerentjetsandω=400rad/s.CaseAcorrespondstothereference
jetwithν=50cSt,Di=4mmandQ=0.2ml/s,Bisν=50cSt,Di=4mmand
Q=0.9ml/s,Cisν=50cSt,Di=6.5mmandQ=0.2ml/s,andDisν=100cSt,
Di=4mmandQ=0.2ml/s.
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Figure2.24ilustratestheeﬀectofchangingtheﬂowparametersonthebreak-
upbehavior. Whenthesameﬂuidandinjectorareusedbutalargerﬂowrate
isinjected,Figure2.24(a),theoptimalfrequencyishigher,sincealongerjet
alowshigherfrequenciestoamplify.InFigure2.24(b)alargernozzleisused,
andtheLb(ω)curvesaredisplacedtowardslargerintactlengthsandbreak-
upfrequencies. However,thelargestchangeoccurswhenconsideringamore
viscousliquid,whichaccordingtoFigure2.24(c)resultsinamorepronounced
frequencyselection.Notethatingeneraltermsωb
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standsoutmorewithrespect
tootherfrequencieswhenalongernearlyparalelregionexistsintheunper-
turbedjet.
Inthefolowingsubsection,theGFRApredictionsarecomparedtoexperimen-
talmeasurements.
Figure2.24: Dependenceofthebreak-uplengthLbofthereferencejetwiththe
frequencyωandinitialamplitudeofdisturbances ,comparingthereferencecase
(solidlines)withdiﬀerentﬂows(dashedlines).In(a),theﬂowrateofthejetis
increasedtoQ=0.8ml/s,in(b)theinjectorislarger,Di=6.5mm,andin(c)a
moreviscousﬂuidisused,ν=100cSt.
2.4.3 Comparisonbetweentheexperimentsandthelinear
frequencyresponseanalysis
Tocomparetheexperimentsandthestabilityresults,thenoiseoftheexperi-
mentalfacilitymustbedetermined.Thenoise-reductionfeaturesoftheexper-
imentalset-up,i.e.thevibrationisolationtableandthePMMAchamber,are
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ofmajorimportanceinreducingtheamplitudeofdisturbancesattheinjector.
However,asdiscussedbefore,thegoverningparametersν,DiandQalsoinﬂu-
encethevalueof.Smalertubediametersincreasetheinertiaofthefeeding
line,whileviscositydampsthedisturbances.Regardingtheﬂowrate,wehave
foundnoevidencethatthesyringepumphasasigniﬁcativeeﬀectontheve-
locityﬂuctuationsu1,afactthathasbeenveriﬁedbychangingtheinjection
systemtoapressurizedchamber,andbycomparingthepressureﬂuctuation
signalsfornaturalpinchingofjetswithdiﬀerentQinthecontroledbreak-up
facility.However,foragivenvalueofu1,higherﬂowratesresultinareduction
oftherelativeamplitudeofdisturbances,since =u1/u0.Inparticular,when
Qissweptfrom0.1to0.9ml/s, descreasesoneorderofmagnitude.Forthe
samereasonthevalueof foraﬁxedﬂowratealsoincreasesforlargerinjector
diameters,sinceu0=4Q/(πD2i).
Wehavethereforedecidedtoexperimentalyestimateavalueof u1foreach
combinationofﬂuidandinjector,whereas varieswiththeﬂowrate.Thisis
accomplishedbytheleastsquaresmethoddescribedasfolows. Anumerical
simulationwasperformedforeachexperiment,withadimensionlessvelocity
forcingofunitaryamplitude. Thedimensionlessamplitudeofdisturbances
h1(z;ω)wasstoredforfrequenciesintherangeω∈[80,1000]rad/s.Foratest
valueofu1,h1(z;ω)wasdimensionalizedandthepinchingposition,Lb,and
break-upfrequency,ωb,weredetermined.ThepredictedvalueofLbwascom-
paredtotheexperimentalyobservedone,andtherelativesquareddiﬀerences
werecalculatedforeachﬂowrate.Theprocesswasrepeatedfordiﬀerentvalues
ofu1,selectingtheonewhichminimizedthesumofthesquareddiﬀerences.
AsshowninFigure2.25,theintactlengthpredictedbytheGFRApresentsisin
goodagreementwiththeexperimentalresults.InFigure2.25(a)thecompari-
sonismadefordiﬀerentinjectors,withbetteragreementforsmalerdiameters.
However,wehavecheckedthatinthecaseofν=200cStandDi=6.5mm
(notshown),theagreementisexcelent.InFigure2.25(b)weusetheGFRA
tomakepredicionsforaﬁxedinjectorandtwodiﬀerentviscosities.Notethat
theonlyfreeparameterofthecomparison,namelyu1,remainsﬁxedforagiven
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ﬂuidandinjectordiameter.Contrarytowhatwasexpected,theﬁttedvalueof
u1
0 0.2 0.4 0.6 0.8 10
0.05
0.1
0.15
0.2
0.25
0.3
0.35
Q[ml/s]
L b
[m
]
2(u1=5#10!05m/s)
4(u1=4#10!04m/s))
6.5(u1=9#10!04m/s)
0 0.2 0.4 0.6 0.8 10.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
Q[ml/s]
L b
[m
]
50(u1=5#10!05m/s)
100(u1=1#10!04m/s)
Di[mm] 8[cSt]
(b)(a)
increaseswheneithertheliquidviscosityortheinjectordiameterincrease.
Atthispoint,anexplanationofthiscounterintuitivebehaviorhasnotbeen
found.
Figure2.25: Comparisonbetweenexperimental measurements(symbols)and
GFRApredictions(solidlines)ofthebreak-uplengthLbasafunctionoftheﬂow
rateQ.Theamplitudeofvelocityﬂuctuationsattheinjectoru1[m/s]fortheGFRA
predicionsisindicatedforeach(ν,Di)combination.Thejetsare(a)ν=50cSt,in-
jectedthroughnozzlesofdiﬀerentdiametersDi,and(b)obtainedusingtwodiﬀerent
workingliquidsissuingfromaninjectorwithDi=2mm.
Incontrastwiththebreak-uplengths,thefrequenciespredictedbytheGFRA
aremuchlowerthanthoseexperimentalyobserved,asdisplayedinFigure2.26.
ThiscouldberelatedtothebehaviorofthefunctionLb(ω,)showninFigures
2.22,2.24and2.27,whereitisdeducedthatforaﬁxedvalueof thereisa
widerangeoffrequencieswhichcouldproducethebreak-upatintactlengths
closetotheminimumvalue.
Wethereforeproposedtoobtain u1usingadiﬀerentapproach.InFig-
ure2.27,foreachﬂowconﬁgurationthecontoursofLb(ω,)obtainedwiththe
GFRAaredisplayedtogetherwiththeexperimentalintactlengthandfrequency
69
2.Naturalbreak-up
0 0.2 0.4 0.6 0.8 10
200
400
600
800
1000
1200
Q[ml/s]
! b
[ra
d/s
]
8=50cSt,Di=6:5mm8=100cSt,Di=4:5mm
Figure2.26: Comparisonbetweenexperimental measurements(markers)and
GFRApredictions(solidlines)ofthebreak-upfrequency ωbasafunctionofthe
ﬂowrateQ,fortwodiﬀerentﬂuidsandinjectors.Theamplitudeofvelocityﬂuctua-
tionsatthenozzleexitadoptedfortheGFRApredictionsareu1=0.0009m/sand
u1=0.001m/srespectively.
(crosses).Thevalueof isdeterminedastheinterpolatedcontourthatcrosses
theexperimentaldatapoint.However,thisprocedureleadstovaluesof >0.5,
whichbesidesbeingunrealisticalylarge,wouldinvalidatealinearanalysis.In-
deed,notethattheperturbationsestimatedforthefacilitydescribedinChapter
3aremuchsmalerthanthevaluesdeducedfromtheprocedureexplainedin
thepresentparagraph.
Optimalfrequency Consideringthestrongdisagreementbetweenthelin-
earlypredictedandexperimentalymeasuredoptimalfrequency,wehavealso
addressedthefrequencyselectionresortingtoanonlinearstabilityanalysis.
Theimplementationofsuchanalysis,basedonthedirectsimulationofequa-
tions(1.9)-(1.11),shalbedescribedinChapter3.Figure2.28showstheresults
ofthenonlinearstabilityanalysisofajetwhoseexitvelocityisstimulatedwith
whitenoise.Themaximumrelativeamplitudeofsuchdisturbancesischosenas
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Figure2.27: Dependenceofthebreak-uplengthLbofthejetwiththefrequency
ω,fordiﬀerentinitialamplitudesofdisturbances accordingtotheGFRA.Thecross
anditssurroundingboxindicatetheexperimentalmeasurementsofLbandωband
theirstandarddeviation.(a)ν=100cSt,Di=4mmandQ=0.2ml/s,and(b)
ν=50cSt,Di=6.5mmandQ=0.2ml/s.
=1,inorderforthejettoexhibitradialdisplacementsoftheinterfacewhich
canbeaccuratelyobtained.Asthemeasuringpositionmovesdownstreamfrom
Figure2.28(a)to(b),afrequencyselectionprocessbecomesevident.InFigure
2.28(c),h(t)showsthatperturbationsarenotsinusoidalanymore.Comparing
(b)and(c),weconcludethatlargerfrequenciesaremoreampliﬁeddownstream.
AlthoughtheseresultsareinqualitativeagreementwiththeGFRAcomputed
forthesamejet,thelatterisunabletocapturethenonlinearstagesofdistur-
banceevolution.
Tosumup,boththelinearandnonlinearanalysespredicttheampliﬁcationof
perturbationsastheyareadvectedalongthejet,aswelastheemergenceof
alocalpreferredfrequencyfromthenoisyinputwhosevalueincreasesdown-
stream.Thejetthusactsasanoiseﬁlterandampliﬁer.
Asaﬁnalcommentregardingthenaturalbreak-upofjets,wehavealsoesti-
matedtheamplitudeofvelocityﬂuctuationsassociatedwiththeambientnoise
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Figure2.28:Nonlinearanalysisofajetwithν=100cSt,Di=4mmandQ=0.2
ml/s,andwhitenoiseﬂuctuationsofamplitude =1theaxialvelocityattheinjector
exit. Temporalevolutionoftheradiusofajeth(t)(leftcolumn),todeterminethe
frequencyωofthemostampliﬁedperturbationsthroughaPSD(rightcolumn),at
threediﬀerentaxialpositions(a)z=0.1cm,(b)z=4.5cmand(c)z=9cm.
inthefacilitydescribedinChapter3. Measurementswithapressuresensor
wereacquiredduringexperimentswithoutcontroledforcing. Figure2.29(a)
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showsatypicalPSDofapressuresignalpeff(t),whichwasusedtoestimate
theamplitudeofﬂuctuationsp1(ω)withfrequencyincrementsofdω=5rad/s.
Althoughthespectrumconcentratesmoreenergyathigherfrequencies,itis
quiteuniformexceptfortheexistenceofapeakatω 315rad/sofunknown
origin. Weestimatedtheaxialvelocityﬂuctuationsu1(ω),usingp1(ω)asan
inputtoBernouli’sextendedequation,aswilbeexplainedindetailinChap-
ter3.IntheexampleofFigure2.29(a),weobservethatdisturbanceswith
ω=315rad/spresentanamplitudeu1=5×10−5,yielding 3×10−3.
Wedeterminedthenoisepresentinourfacilityforfourﬂowconﬁgurationsana-
lyzedinthefolowingchapter,ﬁndingthatthespectrumofpressureﬂuctuations
issimilar,providingvaluesintherange3×10−3< <1×10−2
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. However,
themuchlargermeasuredvaluesofthebreak-upfrequencyremainunexplained.
Figure2.29: NaturalnoiseintheexperimentalfacilitydescribedinChapter3,
whenajetwithν=50cSt,Di=4mmandQ=0.2ml/sisestablished.(a)PSDof
themeasuredpressurepeff(t)intheupstreamchamber. Theamplitudeofpressure
ﬂuctuationsp1(ω)(notshown)isgivenbythesquarerootoftheareaunderthePSD
forfrequencyrangesdω=5rad/s.(b)Amplitudeofﬂuctuationsofthemeanaxial
speedattheinjectorexitu1,obtainedbyreplacingthevaluesofp1(ω)inequation
(3.4).
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2.5 Conclusions
Inthischapterwehaveexperimentalyandnumericalycharacterizedthenat-
uralbreak-upofNewtonianliquidjetsstretchedbygravity.
Wecarriedoutanexperimentalcampaigninwhichthegoverningparameters
oftheﬂowwerevaried,namelytheﬂowrate,injectorsizeandliquidviscosity.
Inparticular,wefocusedonthestronglystretchedjetsobtainedbyinjecting
ﬂowratesclosetothejetting–drippingtransitionandusinglargenozzles.Re-
gardingthebreak-uplength,weobservedthatitincreaseswhentheﬂowrate
orviscosityincrease,inagreementwiththebehaviorreportedforslenderjets
byNonnenmacher&Piesche(2004)andJavadietal.(2013). Meanwhile,when
theﬂuidissuesfromlargerinjectorsweobservedaslightdecreaseofthepinch-
inglength,abehaviorwhichisinqualitativeagreementwiththenumerical
ﬁndingsbyAminietal.(2013). Wealsomeasuredaparameterwhichhadnot
beenpreviouslyreportedinstronglystretchedjets,namelythefrequencyofthe
mostampliﬁeddisturbances,whichincreaseswiththeﬂowrate.Inalcases,
themeasuredvariablesexhibitanirregulartemporalevolutionandalargedis-
persionaroundthemeanvalueduetothenoisytriggeringoftheinstability
process.
Regardingthestabilityanalysis,thesmalamplitudeofinitialdisturbances
justiﬁestheuseofalinearapproach. Theﬂuidﬁeldwasaccordinglydecom-
posedintoasteadybasicﬂowplussmaldisturbances,anddescribedusingthe
leadingorderone-dimensionalconservationequationsduetoGarcía&Castel-
lanos(1994)andEggers&Dupont(1994). First,weadoptedtheclassical
quasi-paralelassumptionsandimplementedalocalanalysisbyderivingalocal
dispersionrelationwhichaccountsforthestretchingretainingthenon-paralel
terms. Wediscussedthelimitationsoftheclassicalquasi-paralelapproach,
andsubsequentlyproposedtheformulationofanon-modalstabilityanalysis.
Incontrastwitheigenvalueanalysis,thelinearglobalfrequencyresponseanal-
ysis(GFRA)makesnohypothesisonthespatialshapeofperturbations,except
forassumingthattheyareofsmalamplitude.Hence,thefrequencyresponse
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ofthegoverningequationstoharmonicinputsattheoutletoftheinjectoris
formulatedfortheﬁrsttime,withtheaimatdescribingthemainfeaturesofthe
break-upofglobalystablejets.Thegenerality,simplicityandcomputational
eﬃciencyofthisanalysismustbehighlighted. Thisprocedureadmitsawide
rangeofinputs,includingperturbationsintheradiusand/orspeedofthejet
atanyaxialcoordinatewithvariablespatialdistribution(localized,Gaussian,
etc). Moreover,providedanadequatemodelofthegoverningequationsisavail-
able,aGFRAcouldbeimplementedforstretchedjetsgeneratedindiﬀerent
contexts,suchaselectrospraysorco-ﬂows.
Fromthephysicalpointofview,ourmainﬁndingisthatthemeniscusregion
neartheinjectoroutlet,wherethejetexperiencesthestrongestaxialstretch-
ing,selectivelyﬁlterstheoutletdisturbances,providinganoptimalfrequency
responsibleforthebreak-upofthejetdownstream.Thegrowthofdisturbances
isdelayedduetoaspatialcounterpartofthekinematicstabilizingmechanism
ﬁrstdescribedbyTomotika(1936).
Thefairlygoodquantitativeagreementbetweenthepredictedbreak-uplengths
andthoseobtainedexperimentaly,withtheinitialamplitudeastheonlyfree
parameter,givessupporttoourtheory. However,thepredictedbreak-upfre-
quenciespresentastrongdisagreementwiththoseexperimentalymeasured.
ThefactthattheGFRAisunabletocapturethenonlinearbehaviorinthe
break-upregionmaynotbethemaincauseofthisdisagreement,sinceduring
mostoftheprocesstheamplitudeofdisturbancesremainssmal.Itispossible
thattheinteractionofperturbationsofdiﬀerentfrequencies,whichisnottaken
intoaccountinouranalysis,givesrisetodiﬀerencesbetweenpredictionsand
observations.Inthecaseofaslowlyvaryingﬂow,themaximumgrowthratere-
mainsconﬁnedtoanarrowbandoffrequencies,whichsubsequentlypresentan
amplitudethatissigniﬁcantlylargerthanthatofotherdisturbances.Howerver,
inanon-paraleljettheoptimalfrequencyvarieswiththeaxialcoordinate,and
itislikelythatbreak-upoccursduetoaperturbationwhichisnotpurelyhar-
monicbutexhibitsenergywithinabandoffrequencies.Indeed,thesensitivity
oftheintactlengthtotheamplitudeandfrequencyofdisturbances,numeri-
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calyassessedhereinthroughtheLb(ω,)contourmaps,suggeststhatthemore
pronouncedfrequencyselectionoccursforlongerjets,whichpresentamoreex-
tensiveparalelregiondownstream. Wealsosuspectthatdiscrepanciesinthe
predictedfrequenciescouldarisefromanunevenenergyspectrumofthenoise
comingfromtheexperimentalfacility.Theworkinthenextchapterincludes
forcedexperimentsinordertoeliminatetheseuncertaintiesconcerningtheen-
ergydistributionofperturbationstriggeringtheresponse.
References
Amini, G.,Ihme, M.&Dolatabadi,A.2013Liquidjetinstabilityunder
gravityeﬀects.Phys.Rev.E87(053017).
Bagheri,S.,Henningson,D.S.,Hoepffner,J.&Schmid,P.J.2009
Input-outputanalysisandcontroldesignappliedtoalinearmodelofspatialy
developingﬂows.Appl.Mech.Rev.62(020803).
Chomaz,J. M.2005Globalinstabilitiesinspatialydevelopingﬂows: Non-
normalityandnonlinearity.Ann.Rev.FluidMech.37,357–392.
Chomaz,J. M.,Huerre,P.&Redekopp,L.G.1988Bifurcationstolocal
andglobalmodesinspatialydevelopingﬂows.Pys.Rev.Let.60(1),25–28.
Clanet,C.&Lasheras,J.C.1999Transitionfromdrippingtojetting.J.
FluidMech.383,307–326.
Consoli-Lizzi,P.2012Análisisdeestabilidadespacialdechorroslíquidos
sometidosalainﬂuenciadelagravedad.Master’sthesis,UniversidadCarlos
IIIdeMadrid.
Eggers,J.&Dupont,T.F.1994Dropformationinaone-dimensionalap-
proximationofthenavier-stokesequation.J.FluidMech.262,205–222.
76
References
Eggers,J.&Villermaux,E.2008Physicsofliquidjets.Rep.Prog.Phys.
71,036601.
Frankel,I & Weihs, D.1985Stabilityofacapilaryjetwithlinearlyin-
creasingaxialvelocity(withapplicationtoshapedcharges).J.FluidMech.
155,289–307.
García,F.J.&Castellanos,A.1994One-dimensionalmodelsforslender
axisymmetricviscousliquidjets.Phys.Fluids6(8),2676–2689.
Guerrero,J.,González,H.&García,F.J.2012Spatialmodesofcapil-
laryjetswithapplicationtosurfacestimulation.J.FluidMech.702,354–377.
Javadi,A.,Eggers,J.,Bonn,D.,Habibi,M.&Ribe,N.M.2013Delayed
capilarybreak-upoffalingviscousjets.Phys.Rev.Let.110(144501).
Kalaaji, A., Lopez, B., Attané, P. &Soucemarianadin, A. 2003
Breakuplengthofforcedliquidjets.Phys.Fluids15(9).
Lee,C.H.1974Dropformationinaliquidjet.IBMJ.Res.Develop.18(4).
Marmottant,P.&Villermaux,E.2004Fragmentationofstretchedliquid
ligaments.Phys.Fluids16,2732.
Mikami,T.,Cox,R.G.& Mason,S.G. 1975Break-upofextendingliquid
threads.Int.J.MultiphaseFlow2,113–138.
Nonnenmacher,S. &Piesche, M.2004Stabilitybehaviorofliquidjets
undergravity.Chem.Eng.Technol.27(5),529–536.
Reddy,S.C.,Schmid,P.J.&Henningson,D.S.1993Pseudospectraof
theorr-sommerﬁeldoperator.SIAMJ.Appl.Math.53,15–47.
Rubio-Rubio, M.2016Stretchingliquidﬂows:jets,dropsandliquidbridges.
PhDthesis,UniversidadCarlosIIIdeMadrid.
Rubio-Rubio, M.,Sevilla, A. & Gordillo,J.M.2013Onthethinnest
steadythreadsobtainedbygravitationalstretchingofcapilaryjets.J.Fluid
Mech.729,471–483.
77
2.Naturalbreak-up
Rutland,D.F.&Jameson,G.J.1971Anon-lineareﬀectinthecapilary
instabilityofliquidjets.J.FluidMech.46(2),267–271.
Schmid,P.J.2007Nonmodalstabilitytheory.Annu.Rev.Fluid Mech.39,
129–162.
Senchenko,S. &Bohr,T.2005Shapeandstabilityofaviscousthread.
Phys.Rev.E71(056301).
Tomotika,S.1936Breakingupofadropofviscousliquidimmersedinanother
viscousﬂuidwhichisextendingatauniformrate.Proc.Roy.Soc.153,302–
318.
Trefethen,L.N.,Trefethen,A.,Reddy,S.C.&Driscoll,T.1993
Hydrodinamicstabilitywitheigenvalues.Science261,578–584.
Weideman,J.A.C.&Reddy,S.C. 2000Amatlabdiﬀerentiationmatrix
suite.ACMTransactionsonMathematicalSoftware26(4).
78
CHAPTER
THREE
Controledbreak-upofgravitationaly
stretchedjets
Contents
3.1 Introduction ...................... 79
3.2 Experimentalandnumericaltechniques...... 83
3.2.1 Experimentaltechniques................ 83
3.2.2 Numericalmethod................... 88
3.3 Results.......................... 92
3.3.1 Experimentalresults.................. 92
3.3.2 Nonlinearanalysis...................105
3.3.3 Comparisonanddiscussion..............108
3.4 Conclusions....................... 110
References........................... 113
3.1 Introduction
Oncethenaturalbreak-upofgravitationalystretchedliquidjetshasbeenstud-
iedinChapter2,herewefocusontheircontroledbreak-up.
Theexperimentalcampaignpresentedinthischapterovercomestheuncertainty
regardingtheinitialenergydistributioninunforcedexperiments,wherethethe-
oreticalyassumedwhitenoisewasnotguaranteedinpractice.Incontrast,the
controledharmonicforcingofthejetalowsustounambiguouslycharacterize
theinputdisturbanceswhileexploringthereceptivityofthejet.
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Regardingthetheoreticaltreatmentoftheconvectiveinstability,agloballinear
analysiscapturesthedampingoftheamplitudeofperturbationsoccuringinthe
meniscusregion,butisnotabletodescribetheﬁnalstagesbeforebreak-up.
Moreover,sinceintheforcedexperimentswhichwereportweintroducespeed
ﬂuctuationsofO(0.1),hereweproposeaone-dimensionalnonlinearanalysis
whichisabletodescribethestabilityoflargeamplitudeperturbations.
Measurementsfromexperimentsonliquidjetswheretheinputdisturbances
areunambiguouslycharacterizedgiverobustmaterialagainstwhichtheoretical
predictionscanbecontrasted. Moreover,thecontroloverthecharacterofthe
imposeddisturbancesisoflargeimportanceinappliedtechnology,sinceitde-
terminesthewavelengthandgrowthrateofdisturbances(Chauhanetal.,2002),
andthereforethedropsize.Asaresult,plentyofforcingtechniqueshavebeen
appliedtocontrolthebreak-upofjets. Vibrationofthefeedingchamberwas
usedintheveryearlyexperimentalworkofSavart(1833).Acousticwaveswere
usedintheworkofDonnely&Glaberson(1966)toexperimentalymeasurethe
dispersionrelation,whileRutland&Jameson(1971)stimulatedwater–glicerine
jetseitherusingaloudspeakerclampedtoasteelframeor,withmoreviscous
ﬂuids,apinfastenedtothecentreofthespeakercontactingthejet.Surface
deformationcanbeinducedbyelectrohydrodynamicstimulation,byapplying
voltagetoathinelectrodeandinducingelectricpressureontheliquid(García
etal.,2014),orbythermocapilarystimulation,wherearesistiveheatermod-
ulatesthejettotriggertheMarangoniinstability(Hanchak&Furlani,2010).
Pressureﬂuctuationsinthefeedingchambercanbeintroducedusingamov-
ingpistonwhenthedesiredamplitudeislarge(Meieretal.,1992),orresoting
totheoscilationsofapiezoelectrictransducerwhentherelativeﬂuctuations
aresmaler(Chaudhary& Maxworthy,1980a;Chauhanetal.,2002;Cheong
&Howes,2004;Dongetal.,2006).Inthecaseofimposingpressuremodula-
tions,González&García(2009)provideaproceduretorelatetheiramplitude
toﬂuctuationsofthespeedofthejet.
Regardingthecharacteroftheimposeddisturbances,mostpreviousworksdeal
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withmonochromaticharmonicstimulation.However,otherpossibilitiesareuse-
ful,suchastheapplicationofsignalsconsistingofpulses(Hanchak&Furlani,
2010),afundamentalandoneharmoniccomponenttopreventsateliteforma-
tion(Chaudhary&Maxworthy,1980a),orsingleanddouble-peakwaveforms
fordropondemand(DOD)technology(Dongetal.,2006). Thevarietyof
stimulationtechniquesprovidesdiﬀerentboundaryconditions,namelyradius
modulation,velocitymodulationorjetvibration,theirequivalencesbeingdis-
cussedintherecentworkofMoalemi&Mehravan(2016).
Theseexperimentaltechniqueshavebeenusedtogatherexperimentalinforma-
tiononthegrowthrateofdisturbances(Donnely&Glaberson,1966;Chauhan
etal.,2002;González&García,2009),thebreak-uplength(Meieretal.,1992;
Garcíaetal.,2014),tocharacterizenonlinearbehavioranddropformation
(Rutland&Jameson,1971;Chaudhary& Maxworthy,1980a,b; Mansour&
Lundgren,1990),toexploreDODoperationconditions(Bogy&Talke,1984;
Dongetal.,2006),toexaminetheoptimalfrequency(Cheong&Howes,2004),
amongotherapplications.
Inthischapterwepresentexperimentswhereﬂuctuationsoftheaxialspeedof
thejetattheinjectorareinducedwhilethecontactlineremainedpinned. With
thisaim,harmonicﬂuctuationsofcontroledfrequencyandamplitudewereme-
chanicalyimposedtothepressureofthefeedingsystem. Wereporttheeﬀect
ofthestimulationparametersontheintactlengthofstronglystretchedjetsfor
diﬀerentﬂowconﬁgurations,observingatransitionfromirregulartoperiodic
break-up,andﬁnalyrevealingtheexistenceofanoscilatorydrippingregime
whentheamplitudeofdisturbancesislargeenough.
Althoughthephysicalmechanismsgoverningthenonlinearevolutionofdis-
turbancesarethesameasinthelinearizeddescription,thenonlineartheory
providesadditionalquantitativeresults(Lin&Reitz,1998).Anearlynonlinear
analysisofthestabilityofjetswascarriedoutbyYuen(1968),whoexamined
theeﬀectofharmonicmodulationsontheradiusofaninviscidjet,addressing
perturbationsintheformofaninﬁniteseriesanddevelopingthesolutionupto
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thirdorderin.Hepredictedtheexistenceofsatelitedropsforal wavenum-
bers,atheorywhichwasexperimentalycorroboratedbyRutland&Jameson
(1971),whoobservedtheoccurrenceofswelingsbetweenthecrestsofprimary
disturbances.Theresultsobtainedfromperturbationexpansionswerereviewed
byBogy(1979). Chaudhary&Redekopp(1980)alsoproposedathirdorder
analysisintheirweaklynonlinearstabilityanalysis,concludingthatnearthe
cut-oﬀwavenumberofthedispersionrelationthegrowthwaslinearinsteadof
exponential,andreportingthetypeofinitialperturbationwhichwouldsupress
theformationofsatelites. Once more,predictionswereinagreementwith
experimentsbyChaudhary& Maxworthy(1980a). Moreover,besidesweakly
nonlineartheorieswhereperturbationtheoryiscarriedtohigherorder,itis
possibletosimulatethefreesurfaceﬂowtodescribetheevolutionoflargeam-
plitudedisturbances.BesidesusingcomputationalyintensiveCFDanalysisof
theNavier–Stokesequations(Pan&Suga,2006),itisalsopossibletointe-
gratethefulynonlinearone-dimensionalconservationequations.Forinstance,
Chuech&Yan(2006)solvedaone-dimensionalsystemofequationsinamatrix
formusingatotalvariationdiminishmentupwindschemewithfuxvectorsplit-
ting,predictinglongerbreak-uplengthsandslowergrowthratesthanlinear
models. Furlani&Hanchak(2010)alsointegratedaone-dimensionalslender
jetmodel,usingthemethodoflinestopredictthenonlineardeformationand
break-upwhenapplyingthermalmodulationintheink-jetprintingtechnique.
Inthischapterweadoptanumericaltechniquesimilartothatimplementedby
Furlani&Hanchak(2010)todescribethenonlinearbehaviorandtopredictthe
intactlengthofforcedstretchedjets. Weaddresstheevolutionoftheperturbed
ﬂuidﬁeldbyimplementingthemethodoflinestointegratetheone-dimensional
equations(1.9)-(1.11).Then,wevalidatethismodelbycomparingitsresultsto
ourexperimentalobservations,andexaminetheagreementofthepredictions
fortheinitialgrowthofperturbationswiththoseofthelinearglobalfrequency
responseanalysispresentedinChapter2.
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3.2 Experimentalandnumericaltechniques
3.2.1 Experimentaltechniques
Theaimoftheexperimentalcampaignwastoperformaparametricalstudyto
characterizethedependenceofthejetlengthontheamplitudeandfrequency
ofthevelocitystimulation.Theeﬀectsofliquidviscosity,ﬂowrateandinjector
diameterwerealsoinvestigated.
Weinitialyintendedtoreportthevolumedistributionofthedetacheddrops
andligamentswhichevolveintodropsduetothepracticalinterestonthis
subject. However,whencarryingouttheexperimentswefoundthatdueto
thelongwavelengthofdisturbances,adiﬀerentvideoacquisitionconﬁguration
wouldhavebeenrequiredtorecordthepinchingandevolutionoftheligament
anddropofawholedetachedwavelength.
3.2.1.1 Experimentalset-up
ExperimentswerecarriedoutinafacilitysketchedinFigure3.1whichisbased
onasimilarset-updescribedinGarcíaetal.(2014). Thejetunderstudy
andtheacquisitioncamerawerelocatedonaleveledvibrationisolationtable
andinsideaPMMAchamber,inordertominimizevibrationsandexternal
airﬂows.TheliquidﬂowratewascontroledwithaHarvardApparatusPHD
UltraSyringePump(A)andfedthrougha4mmLegristube.Inthestimu-
lationchamber(B)apistonactuatedbyaTIRAVibrationTestSystemTV
51120providedaharmonicpressurestimulationofcontroledamplitudeand
frequency,whichistransmittedtothemainﬂowthrougha12mmLegristube.
Thelargediameterandshortlengthofthelattertubewasselectedtoreducethe
inertiaoftheﬂuidinsidethetube,whichisalimitingfactortotheamplitudeof
thestimulation,sinceovercomingthisinertiademandsforcefromtheactuator.
Bothimpulseandstimulationlinesjoinjustaboveapressure-measuringcham-
ber(C),inwhosesideaHoneywel40PCPressureSensor(E)isplacedclose
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tothebottom.Thechamberis10cminheighttominimizeinleteﬀects,and
withadiameterof5cm,muchlargerthanthatoftheinjector,toguaranteea
negligibledynamicpressure.Altubesandchambersweretransparenttoalow
forvisualdetectionofundesiredbubbles.Acouplinginthepressure-measuring
chamber’sbaseleadstheperturbedﬂowtotheverticalinjector(D),whoseend
istrimmedtoensurethatthecontactlineremainedpinnedtoitsinnerdiame-
ter.Thestimulatedjetissuesfromthestainlesssteeltube,stretchesunderthe
gravitationalaccelerationandbreaks-up,andtheﬂuidiscolectedinavessel.
Imagesoftheregionofthejetclosetothepinchingpointwereacquiredat1kHz
duringﬁvesecondswithahigh-speedcamera(F).Acomputer(G)recordedthe
imagesandmonitoredtheamplitudeoftheperturbedpressureprovidedbythe
sensor,whoseresponsetimewas1ms.Thetemperaturewasalsoregisteredin
eachexperiment.
Theacquiredimageswereanalizedwithahome-madeMATLABR scriptwhich
isabletodistinguishdiﬀerentmassesofﬂuid,namelydrops,ligamentsandﬁl-
aments. Themainpartofthejetthatremainsattachedtothenozzleisthe
ﬁlament,whoselengthL(t)isafunctionoftime.Thepinchinglengthorbreak-
uplengthLbistheaxiallocationwhereamassofﬂuidseparatesfromthe
ligament,andcorrespondstolocalminimumvaluesofL(t). Whenamassﬁrst
breaks-up,itcanappearasadropwhoseaspectratioisclosetounity,orasa
ligamentwithanundulatingandrapidlychangingshapewhichlaterturnsinto
oneormoresphericaldrops.Ourcodewasdevelopedtomeasurethetemporal
evolutionofthelengthandtheradiusofthejetatselectedaxialpositions.
3.2.1.2 Materials
JetsweregeneratedusingSigma-Aldrichsiliconeoilsinjectedthroughstainless
steeltubesfromTubca. Theworkingliquidsandinjectordiameterswerese-
lectedamongthoseusedinthestudyofnaturalbreak-uppresentedinchapter
2,aimingtoasesstheinﬂuenceoftheviscosityandofthesizeoftheinjector,
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Figure 3.1:Sketch of the forced break-up experimental facility.
and their main properties are listed in Tables 3.1 and 3.2. To compute head
losses, it should be stated that the coupling of the injectors to the pressure-
measuring chamber is 12 mm long and presents an inner diameterDa=2mm.
ν[mm2s−1] ρ[kg m−3] σ[mN m−1]
50 960 20.8
100 965 20.9
Table 3.1:Properties at25oC of the silicon oils used in the stimulation experiments.
Do[mm] Di[mm] li[mm]
4.5 4 225
6 5.5 225
Table 3.2: Dimensions of the injectors used in the stimulation experiments.
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3.2.1.3 Characterizationofthestimulation
Tofulycharacterizetheevolutionofdisturbancesandthejetbreak-up,the
initialamplitudeandfrequencyoftheimposeddisturbancesmustbeknown.
Regardingthefrequency,wehaveexperimentalycheckedthat,providedthe
amplitudeofthestimulationislargeenough,theresponseoftheﬂowpresents
thesamefrequencyωastheinputofthevibrationsystembymeasuringthe
temporalevolutionoftheradiusofthejetatseveralaxialpositionsandcomput-
ingtheenergyspectrum.Regardingtheamplitudeofdisturbancesattheexitof
theinjector,ithasbeencheckedthatthecontactlineremainspinnedwhilethe
velocityisharmonicalymodulated,resultinginapurelyimpulsiveboundary
condition.Sinceinourexperimentsthepressureamplitudeismonitoredatan
upstreamchamber,weresorttothemodeldevelopedbyGarcíaetal.(2014)
torelatethehydrodynamicsofthechamberwiththatofthejetatthetubeexit.
Inourfacility,theelementsoftheﬂuidlineunderstudyarethepressure-
measuringchamber,ashortcoupling,theinjectorandthejet.SinceReSt∼
O(1)inourexperiments,whereRe=UDi/νistheReynoldsnumberand
St=Rω/(2πU)istheStrouhalnumber,unsteadyinertialeﬀectsandviscous
lossesmustbetakenintoaccountwhendescribingtheﬂow. Asexplainedby
Garcíaetal.(2014),anextendedBernouli’sequationcanbededucedtoin-
cludebotheﬀectsalongastreamlineΓ(t)connectingapointinsidethechamber
(labeledwithsubscriptc)andtheissuingjetattheexit(subscriptj),
(pj−pc)+12ρv
2j−v2c +ρg(zj−zc)+ρ Γdr·
∂v
∂t+∆Pvisc=0 (3.1)
wherepandvarethepressureandvelocitywithmodulusvasfunctionsof
positionrandtimet,andzistheverticalcoordinate.Furtherhipothesesare
made:
•Thekineticenergyatthechamber1/2ρv2cisnegligiblecomparedtothat
ofthejet1/2ρv2iduetothediﬀerenceincross-sectionalareas.
•Theunsteadyinertialtermisevaluatedinsidetheinjectoroflengthli,
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takingintoaccounttheharmonicdisturbance
ρ
Γ
dr·∂v∂t=ρli
dvi
dt=ρviliω (3.2)
wherethevelocityinthetubeisthesameastheinitialspeedofthejet.
•Theviscouslossesincludeprimarylossesinsidethecoupling(lengthla=
12mmanddiameterDa=2mm)andinjector(li,Di)foralaminarﬂow
frictionfactorf=64/Re,andtakingintoaccountlossesduetoabrupt
changesingeometry,
∆Pvisc=32νρ laD2ava+
li
D2ivi +
ρ
2Kav
2a+Kiv2i (3.3)
whereKa=0.5isthelosscoeﬃcientforﬂuidenteringthecouplingfrom
thepressure-measuringchamber,andKiaccountsforlossesintheabrupt
expansionbetweenthecouplingandtheinjector,takingthevalueKi=
0.56fortheDi=4mmtubeandKi=0.76forDi=5.5mm(White,
2011).
AthoroughexplanationofasimilarproblemisfoundinGarcíaetal.(2014),
deﬁninganeﬀectivepressureinsidethechamberpeff(t) =p0+p1cos(ωt),
whichismeasuredwiththepressuresensor. Theamplitudeoftheperturbed
speedwithrespecttothatofthesteadybasicﬂowattheexitoftheinjector,
≡u1(0)/u0(0),isdeterminedintermsoftheamplitudeoftheperturbed
eﬀectivepressurep1ineachexperimentas
= p1
ρU liω+ 32νD2i
laα2+li +U Kaα2 +Ki−1
(3.4)
whereα= D2a/D2irelatesthediameterofthecontractedcouplingsection
withthatoftheinjector,andthespeedofthesteadybasicﬂowatthein-
jectoriscalculatedaccordingtotheﬂowrategivenbythesyringepumpQas
U≡u0(0)=4Q/(πD2i).
Whensubstitutingtheexperimentalymeasuredpressureﬂuctuations p1into
equation3.4,therelativeamplitudesoftheperturbedspeedforwhichthejet’s
responsediﬀersfromnaturalbreak-upare >10%.
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Harmonicﬂuctuationswithfrequenciesbetween8and1000Hzcanbeim-
posedwithourstimulationfacility.However,theamplitudeofthestimulation
presentsanimportantlimitation.IfBernouli’sextendedequationisappliedto
astreamlineconnectingthestimulationchamberandtheexitoftheinjector,
itcanbededucedthattheforceprovidedbytheactuatormustovercomeboth
headlossesandinertiaalongtheline.Althoughthesefactorswereminimized
bymountingthefacilityusingpipingsofshorterlengthandlargerarea,greater
incrementsofthepressureatthestimulatingchamberarerequiredtoreacha
givenvalueofthevelocityamplitudeathigherfrequencies. Asaresult,the
spanof whichcanbesweptinourfacilityisnarrowerforhigherfrequencies.
Moreover,inthecaseofmoreviscousjets,themaximumattainablefrequencies
arelower.
Ontheotherhand,harmonicperturbationswith closetounitycanbeimposed
forvaluesofωupto300rad/s.Beyondthispoint,oscilationsofthemeniscus
inducesigniﬁcantﬂuctuationsofthecapilarypressureattheexitoftheinjec-
tor.SinceWe<1fortheﬂowconﬁgurationsunderstudy,thesearecomparable
tothedynamicpressure. Asaresult,thepressureﬂuctuationsacquiredwith
thesensorarenolongersinusoidal. Moreover,changesinthecurvatureofthe
meniscusdamptheamplitudeoftheﬂowrate,preventingreverseﬂowfrom
takingplaceinspiteoflargelyincrementingtheforceoftheactuator.
3.2.2 Numerical method
Linearapproachesadmitonlydisturbancesofsmalamplitudeandareunable
tocapturethedownstreamregionimmediatelybeforebreak-up. Anonlinear
modelovercomesthelimitationsregardingtheamplitudeofdisturbances,serv-
ingasatooltovalidatethepreviouslydevelopedmodelandtoexplorethe
validityofthelinearuseddescription,aswelasalowingtounambiguouslyim-
posetheforcingamplitude.Inournonlinearstabilityanalysis,theevolutionof
theﬂuidﬁeldisobtainedbyintegratingthefulynonlinearleading-orderone-
dimensionalmassandmomentumconservationequations,atechniquewhich
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has also been implemented in the work of Furlani & Hanchak (2010).
3.2.2.1 Nonlinear Analysis
In our model, the axial velocity ﬁeld,u(z, t), and the radius of the jet,h(z, t), are
described equations (1.9)-(1.11). These equations were discretized and solved
resorting to the method of lines, which consists of transfroming the PDEs into a
system of ODEs (Schiesser, 1991; Furlani & Hanchak, 2010), where the spatial
derivatives are written as ﬁnite diﬀerences.
Figure 3.2:Staggered computational grid, including the virtual nodeu¯0.
The diﬀerential equations governing the ﬂow can be conveniently solved using a
uniform grid in computational space. We deﬁne a staggered computational grid
along the jet, whereuandhare evaluated on diﬀerent sets of nodes,ξ: [0,1]
andξ¯: [∆ξ,1−∆ξ]respectively. As displayed on Figure 3.2,his calculated at
Nnodes, whileuis evaluated atN−1nodes which are displaced by an amount
∆ξ/2from the former. To impose the speed at the injector, the value¯u0is set
at an additional virtual node.
Note that in this section we use the subindexes in the discretized ﬂow ﬁeld,hi
andu¯i, to indicate the corresponding grid node. In contrast, in the previous
chapter, we used subindexes to distinguish the steady base ﬂow and perturba-
tions.
The meniscus zone of the jet requires higher grid resolution ir order to capture
the eﬀects of the strong stretching on the evolution of disturbances. Therefore,
a non-uniform physical grid with points clustered near the injector is used, with
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amappingdeﬁnedby
ξ=1−
lnβ+1−x/Ldβ−1+x/Ld
lnβ+1β−1
, (3.5)
forconstantβ >1(Farrashkhalvat& Miles,2003).Itsvalueisselectedto
provideasimilardensityofgridpointsperwavelengthbothupstreamand
downstream,ascanbeappreciatedinFigure3.3. Theclusteringaroundthe
injectorisevidentbyinspectingthederivative∂ξ/∂x,whichismaximumat
x=0,withhighergriddensityastheparameterβapproachesthelimiting
value1.Sincethelengthofthejetisafunctionoftime,wedonotsimulatethe
wholejetdowntoitstipinordertosimplifythenumericalformulationofthe
problem.Instead,thephysicalgridunderstudyx∈[0,Ld]remainsﬁxedforal
time.Futureworkshouldextendourmodeltoaﬂuiddomainevolvingintime,
Ld(t),thatalsoincludesthejettipandthebreak-upevents(Rivero-Rodríguez,
2016).
Oncethegridnodesaredeﬁned,second-ordercentraldiﬀerencingisusedin
thediscretizationofspatialderivatives,exceptforaﬁrst-orderupwindscheme
usedfortheadvectionterms.Theoriginalequations(1.9)-(1.11),expressedin
termsofcylindricalcoordinates,havetobetransformedtothecomputational
coordinatesusingthechainrule(Farrashkhalvat& Miles,2003),ddx= ∂ξ∂x∂∂ξ.
Theconservationequations(1.9)-(1.11)become
d¯u
dti=−u¯i
d¯ξ
dxi
u¯i−u¯i−1
∆ξ −
σ
ρ
d¯ξ
dxi
Ci−Ci−1
∆ξ +g+
3ν1h2i
1
∆ξ
d¯ξ
dxi h
2i+1
d¯ξ
dxi+1
u¯i+1−u¯i
∆ξ −h
2i
d¯ξ
dxi
u¯i−u¯i−1
∆ξ (3.6)
and
dh
dti=−
1
2
dξ
dxi (¯ui+¯ui−1)
hi−hi−1
∆ξ +hi¯
ui−u¯i−1
∆ξ , (3.7)
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(a)
(b)
(c)
Figure 3.3: ξnodes distribution on a jet where harmonic stimulation ofω= 200
rad/s and =0.35is applied (a), attained settingβ=1.5. The domain length is
Ld= 33R, and the number of nodes isN= 1150. Insets (b) and (c) display in detail
the node distribution of upstream and downstream regions inside the red boxes in (a),
which are one radius in length.
where overbars are used for magnitudes evaluated at theξ¯nodes. The curvature
Cis computed on theξnodes according to
Ci= 1hi
1
1+ ∂h∂xi
2 1/2−
∂2h
∂x2i
1
1+ ∂h∂xi
2 3/2, (3.8)
where the spatial derivatives ofh, due to the mapping, are
∂h
∂xi=
dξ
dxi
hi+1−hi−1
2∆ξ , (3.9)
and
∂2h
∂x2i=
d2ξ
dx2i
hi+1−hi−1
2∆ξ +
dξ
dxi
2hi+1−2hi+hi−1
∆ξ2 . (3.10)
These equations are non-dimensionalized with the inner radius of the injector
R, the mean outlet velocity of the basic ﬂowU, and the timescaleR/U, and
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supplementedwithappropriateboundaryconditions:attheinjector,ξ=0,
theradiusoftheinjectorremainspinned,h˙1=0,wheredotsindicatetime
derivatives. Tostudythestimulation,theoutletvelocityisprescribedas
u(0,t)=U[1+sin(ωt)]. However,sinceuisdeﬁnedatthe¯ξnodes,avir-
tualnodewherethevalueofthespeedis¯u0=2u(0)−u¯1isusedforthedis-
cretizationofderivatives. Atthedownstreamendofthedomain,aNeumann
boundaryconditionisimposed,u(Ld)=0,sothatthediscretizedderivative
intheviscousterm¯ui+1−u¯i∆ξ isnul.
Withthisapproach,thepartialtimederivativesofthevariablesbecometime
derivativesofeachnodalvalue. Theresultingsystemofordinarydiﬀerential
equationsisintegratedusingtheode23tsolverprovidedbyMATLABR,suitable
formoderatelystiﬀproblemsandwithoutnumericaldampingofthesolution.
3.3 Results
3.3.1 Experimentalresults
Theexperimentalcampaignfocusesongatheringinformationontheresponseof
thejettodiﬀerentstimulationfrequenciesandamplitudesoftheliquidvelocity
attheinjectoroutlet. Theexploredrangeofbothparameterscoversbreak-
upmodesdiﬀerentfromthoseoccurringinthenaturalcase.Thestimulating
frequencyωwasvariedbetween50and600rad/s(8-96Hz),andwereport
experimentswheretherelativevelocityamplitudes arehigh,startingat10%.
Althoughnotreported,ourexperimentalfacilityhasalowedustoexplorethe
responseofthejettovaluesof below10%forthewholerangeoffrequencies.
Wehavenotincludedtheseresultssincewehavenotobservedanychangesin
thestabilitywhencomparedtothenaturalcase:theircorrespondingbreak-up
remainsirregularandwehavebeenunabletodetectthestimulatingfrequency
ontheinterfacedisplacements.Incontrast,Meieretal.(1992)havereported
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thekinematicbreak-upofwaterjetsstimulatedwith =2.5%,butweattribute
thelowerreceptivityfoundheretothesmaler Webernumbersandthehigher
liquidviscosity. Wehavealsoimposedharmonicﬂuctuationsofthevelocity
uptoω=1000rad/s,althoughinthiscasetheexperimentalfacilitylimited
themaximumamplitudeofdisturbancesto17%,forwhichthejetwasnot
controled.
Asareferencecase,wewildiscussindetailthereceptivityofajetwithν=50
cStissuingfromatubewithDi=4mmatQ=0.2ml/s. Whenthestimulation
frequencyremainsﬁxed,ourobservationssuggestthatnaturalbreak-uptakes
placefor below10%. Theobservedbehaviordoesnotdiﬀerfromthatde-
scribedinChapter2. Whentheamplitudeisincrementedto15%,thepinching
lengthpresentsthesamevaluesanddistributionasthenaturalcase.Break-up
remainschaotic,withﬁlamentsofdiverselengthaperiodicalydetaching,asdis-
playedinFigure3.4(a).Althoughthebulgedistributionresemblestheunforced
case,theimagesshowlargermassconcentrationinthecrestscorrespondingto
thestimulatingfrequency.Indeed,ifthetemporalevolutionoftheradiusofthe
jeth(t)atseveralpositionsisstudiedinthefrequencydomain,itsspectrum
revealsthepresenceofenergyatthestimulatingfrequency,notpresentinthe
naturalcase. When isincreasedbeyond20%,thepinchinglengthdecreases.
TheexperimentinFigure3.4(b)revealsthatthetemporalevolutionofL(t)is
notasirregularasinpreviouscase,andthestandarddeviationofthepinching
lengthisalsoreduced.Jetsstimulatedatfrequencieslargerthan200rad/s
experienceareductionoftheirpinchinglengthas isincreased,exhibitinga
morepronouncedslopeforlowerfrequencies,aswilbediscussedforFigure3.8.
Thefalinthedeviationofthepinchinglengtheventualyleadstoaperiodic
break-upwithonlyonevalueofLb,asshowninFigure3.4(c).Lowerfrequen-
ciesaremorereceptive,andforinstancethisbehaviorisattainedfor =60%
whenω=200rad/s. Asaresult,thespectrumofL(t)showsclearpeaksat
thestimulatingfrequencyanditsharmonics.However,wehavealsoobserved
thatforsomespeciﬁcparametercombinationsthereisabimodaldistributionof
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Figure 3.4:Response of the reference jet. Temporal evolution of the jet lengthL(t)
and photographs showing consecutive pinchings marked with dots, for a stimulating
frequencyω= 200rad/s and diﬀerent perturbation amplitudes, (a) =0.14, (b)
=0.31, and (c) =0.71. The scale bar on each set of photographs is 1 cm long.
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Lb, a behavior which was seldom observed. The latter occurs when a ligament
detaches at the neck formed just downstream of a swel, folowed later by the
pinching of the bulge, as displayed in Figure 3.5. As a result, satelites and
main drops are alternately produced, and the break-up frequency is twice the
stimulation one.
In contrast with the behavior explained in the previous paragraph, when the
stimulation frequency is below 200 rad/s, the jet undergoes a sudden decrease
of the pinching length, and if is further increased, a dripping regime is es-
tablished. The possibility of inducing dripping for frequencies above 100 rad/s
could not bee explored, since our forcing system limits the maximum values of
that can be attained.
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Figure 3.5: Response of a jet withν= 50cSt issuing from a tube withDi=6.5
mm at Q=0.2ml/s. Temporal evolution of the jet length L(t)and photographs
showing consecutive bimodal pinchings marked with dots, for =0.35andω= 400
rad/s. The scale bar on the set of photographs is 1 cm long.
To assess the sensitivity of the jet to the stimulating frequency, it is useful to
consider ﬁrst a case with a large forcing amplitude of disturbances, =0.5, for
which the eﬀects of stimulation can be more easily observed. In the particular
case withω= 600rad/s, the behavior of the jet resembles that observed in
a natural break-up. Indeed, as deduced from Figure 3.6(a), the jet exhibits
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Figure 3.6:Response of the reference jet. Temporal evolution of the jet lengthL(t)
and photographs showing consecutive pinchings marked with dots, for an amplitude
of disturbances =0.5and diﬀerent stimulation frequencies, (a)ω= 600rad/s, (b)
ω= 300rad/s, and (c)ω= 50rad/s. The scale bar on each set of photographs is 1
cm long.
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achaotictemporalevolutionofthejetlengthL(t),withoutaclearpreferred
frequency,andpresentsalargestandarddeviationofthepinchingposition.
Asωisdecreased,thepresenceofbulgescorrespondingtothestimulatingfre-
quencybecomesobservableandthepinchinglengthanditsvariancedecrease.
Forω=300rad/s,Figure3.6(b)showsthatthebreak-upofthejetbecomes
morerepetitive,andacompletelycontroledbreak-upisachievedforω=200
rad/s.
Ifthefrequencyisdecreasedtovaluesω≤100rad/s,thejettingregimeexpe-
riencesatransitiontoeitherasimpleorcomplexdrippingregime(Subramani
etal.,2006)withcomparablepinchinglengths(Figure3.6(c)). Notethatthe
Webernumberinthisparticularexperimentis We=0.02,whichiswelabove
thecriticalvaluethatdelimitsthejettingtodrippingtransitionwithoutforcing,
Wec=0.01(Rubio-Rubioetal.,2013). Moreover,inourexperimentstheﬂow
rateisoscilatory,incontrastwiththedrippingregimespreviouslyreportedin
theliteratureinwhichtheliquidﬂowrateiskeptconstant(seeforinstance
Zhang&Basaran,1995orSubramanietal.,2006)orimpulsivelyinjectedin
thecaseofDOD(Bogy&Talke,1984;Dongetal.,2006).
Aspreviouslymentioned,thebreak-uppositionLbanditsdispersiondepend
onthestimulation.InFigure3.7wepresentthethreediﬀerenttypesofdistri-
butionswhichwehaveobserved.InFigure3.7(a)wherethereceptivityofthe
jetisverylow,thereexistsamostobservedvalueofLbwithalargedispersion
whichisnotcompletelysymmetric.Inthiscase,aWeibuldistributionprovides
agoodﬁtfortheexperimentaldata,inagreementwiththenaturalbreak-up.
Forhigherreceptivity,thedispersionofLbdecreases,andwehaveobserved
bothunimodalandbimodaldistributions,whicharerespectivelyilustratedin
Figures3.7(b)and3.7(c).Forthesakeofpresentingourobservations,thedis-
persionincases(a)and(b)canbequantiﬁedbythestandarddeviationofLb,
butthisparameterdoesnotproperlydescribethebimodaldistributionin(c).
Therefore,tocharacterizethisdiﬀerentstatisticaldistributionswithauniﬁed
criterion,weoptedtoconsiderthemodeandthosevaluesofLbwherebreak-up
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Figure3.7: HistogramsofthepinchinglengthLbofthereferencecaseforan
amplitudeofdisturbances =0.5anddiﬀerentfrequencies.(a)Forω=600rad/s
a Weibulﬁtisshowninsolidline,(b)forω=300rad/sthedistributionisalmost
unimodaland(c)forω=50rad/sthedistributionisbimodal.Elementsshadedin
greypresentanoccurrenceof50%ormoreofthemaximumvalue.
ThepinchingpositionLbprovidesagoodmeasuretoquantifythereceptivityof
thejet,andisplottedinFigure3.8forseveralvaluesofωand.Aspreviously
discussed,themodeandvaluesobserved50%ofitscountareplotted.Inthe
sameﬁgure,wehavealsodelimitedthezoneofdrippingregimeforω=50and
ω=100rad/s,whichcanbeidentiﬁed,folowingAmbravaneswaran’scriterion
(Ambravaneswaranetal.,2004),whenLbundergoesasuddendecreasefora
smalincrementof.
Thereceptivityofthejetcanbeclearlyvisualizedbycomparingthepinching
lengthunderstimulationtothatobservedinthenaturalbreak-up,Lb/LbN,for
diﬀerentamplitudesandfrequencies,asdisplayedinFigure3.9.Theexistence
ofanoptimalstimulationfrequency,forwhichthejetlengthisminimized,can
beanticipated.
Inordertoassesthereceptivityofdiﬀerentﬂowconﬁgurations,experiments
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Figure3.8: Responseofthereferencejet.PinchinglengthLbnondimensionalized
intermsoftheradiusoftheinjector,asafuntionoftherelativeamplitudeofthe
perturbedinjectorspeed fordiﬀerentfrequenciesω.Largedotsindicatethemost
observedvalueofLb,whilesmaleronesaccountforitsdispersion,representingthose
whichareobservedatleast50%ofthatcount.Thegrayedzonerangingfrom0.076
to0.088mstatespinchinglengthsobservedinnaturalbreak-up.Thezoneshadedin
redindicatesthestimulationparameterswhichtriggerdripping.
werealsocarriedoutindependentlyvaryingtheﬂowrate,injectorsizeandvis-
cosityoftheﬂuid.
Letusﬁrstconsiderthecaseinwhichthesameﬂuidandinjectorsizearekept
constant,ν=50cStandDi=4mm,buttheﬂowrateisincreasedfrom0.2
to0.8ml/s. AscanbeobservedinFigure3.10(a),thejetlengthincreases,
inagreementwithﬁndingsforthecaseofnaturalbreak-up,LbN=125R.To
facilitatethecomparisonbetweenthejetsatbothﬂowrates,wepresentthe
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Figure3.9:Responseofthereferencejet.Shadedsurfaceplotwherecoloursindi-
caterelativepinchinglengthwithrespecttoitsnaturalcounterpartLb/LbN,forajet
stimulatedwithamplitudes atdiﬀerentfrequenciesω.Pointsindicateexperimental
measurements.
relativepinchinglengthforthecasewithQ=0.8ml/sinFigure3.10(a). When
stimulationisapplied,thereceptivityofthejetqualitativelybehavesasinthe
previouscasewithQ=0.2ml/s,increasingforlowervaluesofωandhigher
valuesof .Incontrast,wehavenotfoundtheoscilatorydrippingregimein
thiscase. Forthehigherﬂowrate,theperiodicbreak-upisinducedinsidea
largerregionofthe(ω,)plane,withveryrepetitiveunimodalbreak-upbehav-
ioratω=100andω=200rad/s,andbimodalpinch-oﬀatω=75,300and
400rad/s. Theseresultssuggestthatincreasingtheﬂowrateisdesirablefor
practicalpurposes. Notonlydoesthisjetexhibitalargerregionofthe(ω,)
planewhereitsbreak-uppresentslessdispersionandlowerintactlength,but
itisalsoeasiertoestablishduetothefactthatitsﬂowrateiswelabovethe
jetting-drippingtransition.
Letusnowconsiderthecasewheretheworkingﬂuidandtheﬂowrateremain
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thesamewhiletheinjectorsizeisincreased,namelyν=50cSt,Di=4mm
andQ=0.2ml/s,thebehaviorofthejetpresentsmoresimilaritieswiththe
referencecase. Asintheunforcedcase,thejetlengthisnotverysensitiveto
Di. Wehavealsoobservedverysimilardrippingdynamicsasinthereference
case.Themaindiﬀerenceisaslightlyhigherrelativereductionofthepinching
lengthforagivenvalueof,ascanbededucedfromFigure3.10(b).
Finaly,wehaveexploredtheeﬀectofviscositybystudyingthecasewith
ν=100cSt,Di=4mmandQ=0.2ml/s. Theeﬀectofincreasingthe
viscositywasmorepronounced. Tostartwith,thelimitationsofourstimu-
latingsystembecameevident,sinceitwasnotpossibletoinducesigniﬁcant
pressureﬂuctuationsinthestimulationchamberforω>200rad/s. Asare-
sult,theeﬀectforcingathighfrequencieswasnotasessed,althoughtheresults
inFigure3.10(c)indicatethattheywouldprobablyhavebeendamped,unaf-
fectingthenaturaljetlengthfortherangeofvaluesof <0.8.Figure3.10(c)
clearlyilustratestheroleofviscosityindampingthedisturbances,asthede-
creaseinthenormalizedpinchinglengthLb/LbNforany(ω,)combination
issmalerthanforanyofthepreviousﬂowconﬁgurations.Furthermore,the
selectionofanoptimumfrequencyisclearinthiscase,withthenarrowestband
offrequencies,closeto75rad/s,forwhichtheﬂowisreceptive.
3.3.1.1 Theoscilatorydrippingregime
Inourexperiments,thedrippingregimeisinducedbyharmonicoscilationsof
theﬂowrateofjetswhichareglobalystableintheabsenceofstimulation.In
contrast,mostoftheliteraturedevotedtothedrippingregimeconsidersthe
caseofconstantﬂowrate. Diﬀerentcriteriahavebeenproposedtoidentify
thejettingtodrippingtransition,suchasmonitoringthejetlengthandthe
volumeofthedetacheddroprelativetothatoftheliquidremanentattached
tothenozzleforvaryingﬂowrates,untiltheyexperiencesuddenchanges,as
proposedbyAmbravaneswaranetal.(2004),orassumingthatdrippingexists
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Figure3.10:Responseofjets.Shadedsurfaceplotwherecoloursindicaterelative
pinchinglengthwithrespecttoitsnaturalcounterpartLb/LbN,forjetsstimulated
withamplitudes atdiﬀerentfrequenciesω. Pointsindicateexperimentalmeasure-
ments. Thejetisestablishedwith(a)ν=50cSt,Di=4mm,Q=0.8ml/s,(b)
ν=50cSt,Di=5.5mm,Q=0.2ml/s,and(c)ν=100cSt,Di=4mm,Q=0.2
ml/s.
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whenLb/R<20proposedforthecaseoflow-viscosityliquidslikewater,ac-
cordingtoClanet&Lasheras(1999).
Toprovideathoroughcharacterizationoftheoscilatorydrippingregime,we
measuredtheevolutionofLbwhenthejetgeneratedwithν=50cSt,Di=4
mmandQ=0.2ml/sisstimulatedatω=100rad/swithincreasingampli-
tude.AsobservedinFigure3.8,thedynamicsoftheforcedjetdoesnotdiﬀer
muchfromthatoftheunforcedoneforsmalenoughvaluesofepsilon,untila
markeddecreaseinthejetlengthisobservedfor 0.35.Afterthistransition
takesplace,thejetlengthevolvesalmostperiodicalywithtime.Asshownin
Figure3.11(a),atthepinch-oﬀinstantashortjetwithalengthbetweentwo
andthreewavelengthsremainsattachedtotheinjector.Thevolumeofthede-
tachedﬁlamentissimilartothatwhichremainsattachedtotheinjector,since
theligamentscompriseafewwavelengthsduetotherelativelylargeviscosity
oftheﬂuid.Forthecase =0.58,showninFigure3.11(b),aligamentwitha
bulgeatitsenddetachesatthefrequencyofstimulation,resultinginaaperiod
1drippingregime(P1).Incontrastwiththedrippingatconstantﬂowrate
(Vilermauxetal.,2013),themeniscusthatremainsattachedpresentsadrop-
likestructureatitstip.Iftheamplitudeofstimulationisfurtherincreased,
aperiod1regimewithsateliteformation(P1S1)takesplace,Figure3.11(c).
Atthispoint,oscilationsinthecurvatureofthemeniscusbecomeapparent,
resultinginamorepronouncedinﬂuenceofthecapilarypressureﬂuctuations
attheinjectorexit.
When isfurtherincreased,ﬂowsastheonedisplayedinFigure3.12occur.
Althoughthepistonperformsasinusoidalmovementoflargeamplitude,the
temporalevolutionofthepressureatthemeasuringchamberhasthesamefre-
quencyasthestimulationbutisnotsinusoidal.Toassesstheﬂuctuationsinthe
ﬂowrate,equation(3.4)isnolongervalid.Therefore,weperformedanimage
analysistocomputethetemporalevolutionofthevolumeofthependingﬂuid
V(t),andestimatedtheinstantaneousﬂowrateasQi=(Vi−Vi−1)/(ti−ti−1)
wherethesubindexindicatestheframenumberinthehigh-speedmovie. As
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Figure 3.11:Oscilatory dripping of a jet withν= 50cSt,Di=4mm andQ=0.2
ml/s. Temporal evolution of the jet lengthL(t)and photographs showing consecutive
pinchings marked with dots, for a stimulating frequencyω= 100rad/s and diﬀerent
perturbation amplitudes, (a) =0.42, (b) =0.59, and (c) =0.85. The scale bar
on each set of photographs is 1 cm long.
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displayedinFigure3.12,theﬂowrateexhibitsaperiodicbehaviorandaP2
drippingregimetakesplace,whereidenticaldetachmentsoccurathalfthestim-
ulationfrequency. Forreference,asinusoidalﬂowrateQs=Q[1+sin(ωt)]
hasbeenadjustedwithQ=0.2ml/s,ω=100rad/s,providingtheestimate
∼1.2.Itcanbeobservedthattheexperimentalﬂowratepresentsasmaler
amplitudethantheharmonicﬁt,andadetailedobservationoftheshapeofthe
meniscusindicatesthatthemeasuredinstantaneousﬂowrateishigherthan
expectedwhenitsaxialcurvatureisconvex(Caxial<0)andlargerthanthe
radialone,andlowerwhenthemeniscusisrounded(Caxial>0).
Ourexperimentsindicatethatarichvarietyofdrippingdynamicscanbein-
ducedinforcedglobalystablejets.Indeed,apartfromthealreadymentioned
P1,P2andP1S1,wehaveevenobservedtherecentlyreportedP2S2(Rubio-
Rubio,2016)forν=50cSt,Di=5.5mm, Q=0.2ml/sstimulatedwith
ω=50rad/sand =0.7.Nevertheless,adetailedparametricanalysisofthe
diﬀerentoscilatorydrippingregimesisleftforafuturework.
3.3.2 Nonlinearanalysis
Tostudytheresponseoftheﬂowtodisturbances,intheﬁrstplaceasteady
ﬂowﬁeldwasobtainedforaconstantﬂowrateattheinjectorandapinned
contactline.Thiswasdoneresortingtoaspectralcolocationmethod(Rubio-
Rubioetal.,2013),andthesolutionwasthenmappedontothephysicalgrid.
Then,aharmonicperturbationtotheoutletspeedisappliedaccordingto
u(0,t)=U[1+∗(t)sin(ωt)].Theamplitudeoftheﬂuctuations∗(t)isgrad-
ualyincreaseduntilthetargetvalueof isreached,andthenkeptconstant
forseveralcyclestoguaranteeaperiodicbehavior.Speciﬁcaly,∗(t)isapiece-
wisefunctionprescribingexponentialgrowthoftheamplitudeduringaperiod
oftimelongerthantheadvectivetimeittakesforﬂuidparticlestotravelthe
domain,andincidentalymanteinsthevalue forsixadvectivetimes. These
perturbationsareconvecteddownstreamwhiletheiramplitudeevolvesinspace
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Figure3.12:Oscilarotydrippingofajetwithν=50cSt,Di=4mmandQ=0.2
ml/s,subjectedtoastimulatingfrequencyω=100rad/sandperturbationamplitude
∼1.5,withasigniﬁcantcontributionofthecurvatureofthemeniscustothedamping
andreshapingoftheﬂuctuations.(a)Experimentalandharmonicﬁtofthetemporal
evolutionoftheﬂowrate,QexpandQfitrespectively,togetherwiththepressureat
thesensorchamberpeff.Dotsontheexperimentalcurveindicatethecorresponding
photographsshownbelow,in(b).
andtime. Thespatialevolutionoftheamplitudeofdisturbancesisobtained
fromtheenvelopeoftheradiusandspeedsignalsateachaxialposition.
Itwasassumedthatbreak-uptakesplaceiftheradiusofthejetreacheda
predeﬁnedtolerance.Insuchcase,thesimulationstopped,thevalueof ∗pre-
sponsibleforthepinchingwasidentiﬁed,andanewcalculationwaslaunched
withanewvalue < ∗p.
Thenumberofgridpointswaschosenbysuccesivelyincreasingthenumber
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ofnodesuntiltheobtainedsolutionsconverged,ﬁnergridsbeingrequiredfor
higherwavenumbersandlowerinitialnoiselevels.Forinstance,insimulations
wheredisturbancespresent ∼O(10−1),typicalvaluesofthenumberofnodes
areN=40Lwhenthestimulationfrequencyisω=100rad/s,wherethedi-
mensionlesslengthofthedomainLismeasuredinradiusoftheinjector,and
N=70Lwhenω=400rad/s.
Tovalidatethenumericalsimulations,wecomparedseveralcaseswithforced
experimentsandpredictionsfromthelinearanalysis.Figure3.13showsthat
thestructureoftheperturbedinterfaceisqualitativelysimilartoexperimental
observations,suggestingthatthistoolwilbeextremelyusefulinpredicting
thenonlineardynamicsofthejet. Moreover,wehavecheckedfordiﬀerentﬂow
conﬁgurationsthatsimulationscapturethepositionatwhichpinchingtakes
placeinourexperiments,wherevaleyspresenttheamplitudeofthelocalun-
perturbedradius.
Figure3.13:Experimentalobservation(toppanel)andnumericalcalculation(bot-
tompanel)ofthebreak-upofaliquidjetwithν=50cStdischargingfromaninjector
withDi=4mmataﬂowrateQ=0.8ml/s,subjectedtoharmonicﬂuctuationsof
theinjectorspeedoffrequencyω=200rad/sandrelativeamplitude =0.35.
Figure3.14presentsanexampleoftheevolutionoftheamplitudeofdistur-
bancesaccordingtothenonlinearmodel.Closetotheinjector,theiramplitude
issmalanditsevolutionexhibitsgoodagreementwiththepredictionsofthe
linearglobalfrequencyresponseanalysispresentedinChapter2. Therefore,
107
3.Forcedbreak-up
thenonlinearanalysisconﬁrmsthatthemeniscusregiondampstheamplitude
anddelaysthegrowthofsmaldisturbances. Downstream,wheretherelative
amplitudeofdisturbancesisnotsmalanymore,thedistortionofthejetisno
longerharmonicandtheamplitudeofcrestsandvaleysmustbedistinguished.
Althoughthedisturbancegrowthfolowsthetendencypredictedbythelinear
analysis,thelatterisunabletocapturethedynamicsclosetobreak-up.Figure
3.14(d),wherethetemporalevolutionofthejetradiusisplottedataﬁxedpo-
sition,showsthatthatcrestspresentlargeramplitudeandsmalerlengththan
valeys,incontrastwiththepurelysinusoidalinterfaceassumedinthelinear
analysis.
3.3.3 Comparisonanddiscussion
Inourforcedexperiments,theamplitudeoftheperturbedspeedattheinjector
isrelativelylarge,>10%.Therefore,theeﬀectsshouldberetainedinthenu-
mericalapproachtostudythedynamicsofthesejets.Figure3.15presentsthe
pinchinglengthLbresultingfromharmonicalystimulatingajetwithseveral
speedamplitudes andfrequenciesω.Itcanbeobservedthatthereisagood
agreementbetweenthenumericalpredictionsandtheexperimentsforω>200
rad/s,forwhichthejetremainsglobalystable. However,forω=50and
ω=100rad/s,theagreementispoor. Thesuddendecreaseofthejetlength
inthesecasesindicatethetransitionfromjettingtodripping,asdescribedin
theprevioussection. Thenumericalmodelcannotcapturethelatterregime
withoutreconstructingtheinterfaceafterpinch-oﬀ,sinceitwouldbenecessary
tosimulateseveralbreak-upcyclesbeforeaperiodicdynamicsisestablished.
Moreover,theboundaryconditionsattheinjectoroutletaresinusoidal,incon-
trastwiththeunharmonicoscilationsthataremeasuredforvaluesof close
tounity.
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Figure3.14: Jetwithabasicﬂowh0,u0determinedbyν=50cSt,Di=4mm
andQ=0.2ml/s(dash-dotlinein(a)and(b))stimulatedatω=200rad/swith
=0.35. Amplitudeoftheradiusperturbationh1(a)andvelocityperturbationu1
(b)asafunctionoftheaxialpositionz,accordingtothelinear(dashedline)andthe
nonlinearanalysis(solidline).Thelatterpresentstwovalues,forcrestsandvaleys.
Insets(c)and(d)showthetemporalevolutionoftheradiush(t)atz=0.0003mand
z=0.037m,emphasizingthediﬀerencebetweenthelinearandnonlinearbehavior.
Theresultsfromnumericalsimulationswerealsousedtoconstructcontours
ofconstantpinchinglength,whicharedisplayedinFigure3.16(a). Recaling
thattheexperimentalpinchinglengthforthenaturalcaseisLbN 0.082m,
thecomparisonwithFigure3.9revealsgoodagreement,althoughthenumerical
resultsforω<200and largerthanthejetting-drippingtransitionthreshold
shouldbediscardedduetothereasonsexplainedabove.Thisinformationcan
alsobepresentedasafunctionLb(ω)forﬁxedvaluesof,asshowninFigure
3.16,whichclearlyrevealstheexistenceofanoptimalfrequencythatreduces
thepinchinglength.
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Figure3.15:DimensionlesspinchinglengthLbofajetwithν=50cSt,Di=4mm
andQ=0.2ml/s,harmonicalystimulatedwithdiﬀerentamplitudes andfrequencies
ω.LargedotsindicatethemostobservedvalueofLb,whilesmaleronesaccountfor
itsdispersion,representingthosewhichareobservedatleast50%ofthatcount.Solid
linescorrespondtothepredictionsofthe1Dnumericalsimulations.Thegrayedzone
rangingfrom0.076to0.088mstatespinchinglengthsobservedinnaturalbreak-up.
3.4 Conclusions
Inthischapter,thenonlinearbehaviorofstretchedliquidjetssubjectedtohar-
monicforcinghasbeennumericalyandexperimentalystudied.
Experimentsregardingthecontroledharmonicstimulationofstretchedjets
havebeencarriedout,assessingtheeﬀectofboththefrequencyandampli-
tudeofﬂuctuationsoftheliquidﬂowrate.Thereceptivityofthejethasbeen
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Figure3.16:PinchinglengthLbofajetwithν=50cSt,Di=4mmandQ=0.2
ml/s,harmonicalystimulatedwithdiﬀerentamplitudes andfrequenciesω. (a)
Isocontoursofthepinchinglengthresultingfromthenumericalsimulations.(b)The
functionLb(ω)forﬁxedvaluesof,interpolatedfromexperiments(–)andnumerical
linear(-·)andnonlinear(--)simulations.
evaluatedfordiﬀerentmeanﬂowrates,injectorsizesandﬂuidviscosities,and
presentedintermsofthereductionofthejetlengthwithrespecttothenat-
uralbreak-upcorrespondingtounforcedcases. Theexperimentsconﬁrmthe
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existenceofanoptimalfrequencyforwhichtheintactlengthisminimized,in
agreementwiththeLb(ω,)dependencerevealedbytheglobalfrequencyre-
sponseanalysisdevelopedinthepreviouschapter.Themeasurementofthese
frequenciesalsoextendstheworkofCheong&Howes(2004)bysuggesting
ωop 100rad/sforfourjetsunderverystronggravitationaleﬀects. Whenthe
stimulationamplitudeisincreasedforagivenfrequency,wehaveobservedthe
transitionfromthechaoticbreak-updynamicssimilartotheunforcedcasetoa
periodicbreak-upregime,andﬁnalytoanewoscilatorydrippingforfrequen-
ciesω≤100rad/sand ≥0.4inthereferencecase.Thelatterregimeexhibits
bothsimpleandcomplexdynamicsandhasbeendescribedfortheﬁrsttimein
thepresentwork.
Theforcedexperimentsovercomethelimitationsidentiﬁedintheexperimen-
talcampaigndedicatedtothenaturalbreak-up,whereitwasnotpossibleto
guaranteethattheinitialfrequencyspectrumcorrespondedtothewhitenoise,
asassumedfornumericalcomputations. Therefore,theboundaryconditions
attheinjectorneededinthenumericalsimulationsareimposedwithoutuncer-
tainty,alowingthevalidationofthenonlinearmodel.
Anonlinearnumericalmodelhasbeendevelopedandvalidatedwithourex-
periments.Tothatend,equations(1.9)-(1.11)wereintegratedresortingtothe
methodoflines,inaformulationinspiredbythenumericalmodelbyFurlani
&Hanchak(2010).Thesimulationsconﬁrmthestabilizingroleofthehighly-
stretchedmeniscusregion,inagreementwiththelinearanalysis,andalows
tocapturetheﬁnalstagesofthegrowthofdisturbancespriortobreak-up,ac-
curatelypredictingthepinchinglengthofstronglystretchedglobalystablejets.
Futureworkshouldfocusonimprovingthenumericalcodeforthenonlinear
analysis,extendingthephysicaldomaintooneevolvingintime,tocapture
thetemporalevolutionofthetipofthejetandthuscapturebreak-upevents.
Thiscanbeimplementedbyincorporatinganadditionalterminthenumerical
methodtoaccountforgridadvection,andprogrammingappropriateinterface
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reconstructionalgorithms.Thisimprovementwilalowthecomputationofthe
volumeofthedetacheddrops,aswelassimulatingseveralbreak-upeventsto
properlycapturethetransitionanddynamicsofthenewoscilatorydripping
regime.
Regardingtheexperiments,thevolumeofthedetachedﬁlamentsanddrops
shouldbe measured. Tothatend,ifthecurrentexperimentalfacilityand
equipmentisused,thelengthoftheligamentshastobereducedinorderto
capturethefulaxialextensionofthedetachedvolumewithoutlosingreso-
lutionintheradialdirection. Thiscanbeachieved,forinstance,withﬂuids
oflowerviscositythanthoseusedinthepresentwork. Also,amoredetailed
experimentalstudyofthenewlyfoundoscilatorydrippingregimeshouldbe
made.
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CHAPTER
FOUR
Concludingremarks
4.1 Summaryandconclusions
InthisThesisthecapilaryinstabilityofNewtonianliquidjetsstretchedby
gravityhasbeenstudied.Thenoveltyofourworkisthatweconsiderﬂowcon-
ﬁgurationswithastronglynon-paralelregion,andassessthestabilizingroleof
themeniscususingexperimental,theoreticalandnumericalapproaches.
Intheglobalystablejetsunderstudy,thestrongstretchingisattainedby
settingthecontrolparametersoftheﬂow,namelytheviscosityoftheworking
ﬂuid,theinjectordiameterandtheﬂowrate,closetothecriticalvaluesat
whichjettingtodrippingtransitionoccurs. Weconsidertwodistinctsources
ofperturbations,theambientnoiseandspeciﬁcalyimposedharmonicforcing,
andexaminetheeﬀectofthegoverningparametersontheevolutionofpertur-
bationsbyperformingaparametricsweep.
Tocarryouttheexperiments,thedesignandconstructionoftwoexperimental
facilitieshasbeennecessary.Experimentalobservationsprovidedinformation
regardingthequalitativestabilitybehaviourofjets,andmeasurementsofthe
intactlengthandmostampliﬁedfrequencyhavebeenacquired. Ontheother
hand,thecharacterizationofthedetacheddrops,whichisofmajorimportance
forapplications,couldnotbeachieved.Intheunforcedexperiments,thebreak-
upparametersexhibitanirregulartemporalevolutionandlargedispersion.In
addition,thepassiveminimizationofdisturbancesdoesnotseemtoguarantee
thatthejetissubjecttowhitenoise.Incontrast,inthemechanicalyforced
jetsinitialdisturbancesareunambiguouslycharacterized,providingrobustev-
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idenceagainstwhichnumericalcalculationsandstabilityanalyseshavebeen
validated. Wehaveshownthatappropriatecombinationsofthestimulation
parametersalowtheestablishmentofaperiodiccontroledbreak-up,andcan
resultundercertainconditionsinanewoscilatorydrippingregime.Thelatter
exhibitsbothsimpleandcomplexdynamicsandhasbeendescribedfortheﬁrst
timeinthepresentwork.Inbothnaturalandharmonicalystimulatedjets,the
parametricdependenceofthebreak-upisinqualitativeagreementwithtrends
ofmoreslenderjetscoveredbytheliterature(Nonnenmacher&Piesche,2004;
Cheong&Howes,2004;Javadietal.,2013).
Thetheoreticalandnumericalapproachtothestabilityofstretchedjetspre-
sentedinthisthesisdoesnotrelyonclassicalquasi-paralelassumptions,which
aremanifestlyviolatedinthemeniscusregion.Instead,weﬁrstdevelopeda
globallinearfrequencyresponseanalysistoproperlyaddressthestrongspa-
tialvariationsoftheﬂowclosetotheinjector. Then,wealsoabandonedthe
assumptionofthesmalamplitudeofdisturbancesanddevelopedastability
analysiswherethefulynonlinearone-dimensionalequationswereintegrated
usingthemethodoflines.
Regardingthemathematicaldescriptionofthejet,wehaveveriﬁedthatthe
one-dimensionalmassandmomentumequationsduetoGarcía&Castelanos
(1994)andEggers&Dupont(1994),wherethefulexpressionfortheinterfacial
curvatureiskept,areabletodescribethestabilityofgravitationalystretched
liquidjets.Boththelineardampingofdisturbancesinthemeniscusregionand
thenonlinearbehaviorjustbeforebreak-upcanbecaptured,whilekeepingthe
computationalcoststoaminimum.Nevertheless,itshouldbementionedthat
thismodeldoesnotaccountforvelocityproﬁlerelaxation.
Numericalcalculationsrevealedthedampingoftheamplitudeandstretching
ofthewavelengthofperturbationsinthemeniscusregion,aneﬀectwhichwas
notdirectlymeasurableinexperiments.Fromthephysicalpointofview,the
frequencyselectionandstabilizingroleofthemeniscuswasconﬁrmed,andrep-
resentsthespatialcounterpartofthetemporalkinematicmechanismdescribed
byTomotika(1936).Sincethemostampliﬁeddisturbancevarieswiththeaxial
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coordinate,thesensitivityofthepinchinglengthtotheamplitudeandfre-
quencyofstimulationhasalsobeenexplored. Thegoodagreementbetween
experimentalandnumericalresultsgivessupporttoourtheory.
4.2 Futurework
Forcompleteness,wesummarizethe mainlinesofinvestigationwhicharise
fromthepresentthesis.
Ourresearchwasmotivatedbythefactthatstretchedjetscanproducethin
ﬁlamentsandsmaldropswithoutresortingtomicron-sizedinjectorsthatcan
easilybecomeobtructed.Forpracticalapplications,amonodispersedroppro-
ductionisdesirable,hence,dropformationfromgravitationalystretchedjets
shouldbeproperlycharacterized.Regardingtheforcedexperimentalcampaign,
thevolumeofthedetacheddropsandﬁlamentsshouldbeobtained,takinginto
accounttheevolutionofthelatterintosatelitedrops. Also,thedeveloped
nonlinearanalysisisanadequatetooltodescribebreak-upanddropformation,
andshouldbeimprovedtoincorporateinterfacereconstruction.
Anotherphenomenonwhichwouldbeofinteresttoconsideristhepreviously
unreportedoscilatorydripping.Furtherexperimentalinvestigationisrequired,
particularlyorientedtowardsunderstandingpressureandspeedﬂuctuationsdue
todeformationsofthemeniscusaswelasestablishingthecriticalconditions
forthetransitioninalargerregionofparameterspace.Theenhancednonlinear
modelwouldbeausefultoolforthistask.
Finaly,wehaveshownthatthelinearglobalfrequencyresponseanalysis(GFRA)
presentsremarkablecomputationaladvantagesandversatility.Itcanbeeasily
extendedtootherﬂowconﬁgurationsandinitialdisturbances.Providedthat
anadequatemodelofthegoverningequationsisavailable,aGFRAcanbeim-
plementedtostudythestabilityofstretchedjetsgeneratedresortingtoother
techniques,suchasﬂowfocusingorelectrospinning.Thisprocedureadmitsa
widerangeofinputs,includingperturbationsintheradiusand/orspeedofthe
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4.Concludingremarks
jetatanyaxialcoordinatewithvariablespatialdistribution.
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